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ABSTRACT
Low mass X-ray binaries (LMXBs) show strong variability over a broad range of time scales. The analysis of this variability, in
particular of the quasi-periodic oscillations (QPO), is key to understanding the properties of the innermost regions of the accretion
flow in these systems. We present a time-dependent Comptonisation model that fits the energy-dependent rms-amplitude and
phase-lag spectra of low-frequency QPOs in black-hole (BH) LMXBs. We model the accretion disc as a multi-temperature
blackbody source emitting soft photons which are then Compton up-scattered in a spherical corona, including feedback of
Comptonised photons that return to the disc. We compare our results with those obtained with a model in which the seed-photons
source is a spherical blackbody: at low energies the time-averaged, rms and phase-lag spectra are smoother for the disk-blackbody
than for a blackbody, while at high energies both models give similar spectra. In general, we find that the rms increases with
energy, the slope of the phase-lag spectrum depends strongly on the feedback, while the minimum-lag energy is correlated with
the disc temperature. We fit the model to a 4.45-Hz type-B QPO in the BH LMXBMAXI J1438–630 and find statistically-better
fits and more compatible parameters with the steady-state spectrum than those obtained with a blackbody seed-photons source.
Furthermore, we successfully apply the model to the type-C QPO in the BH LMXB GRS 1915+105, and thus conclude that this
variable-Comptonisation model reproduces the rms and phase-lags of both type B and C low-frequency QPOs in BH LMXBs.
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1 INTRODUCTION

Low mass X-ray binaries (LMXB) are binary systems consisting of
a compact object, a neutron star (NS) or a black hole (BH), accreting
matter from a low-mass star. These sources present very high vari-
ability in their X-ray light curves over a broad range of time scales,
from tens of milliseconds to years (Belloni & Motta 2016; Méndez
& Belloni 2021). The analysis of the variability is important because
it gives us information about the accretion process in these objects
(van der Klis 1994; Stella & Vietri 1998; Ingram et al. 2009; Kara
et al. 2019; Mastroserio et al. 2019; Reig & Kylafis 2021; Wang et al.
2021).
Some BH-LMXBs are transient sources that during outburst de-

scribe a 𝑞 shape in the hardness-intensity diagram (HID) (Méndez
& van der Klis 1997; Homan et al. 2001; Belloni et al. 2005). We
can identify different states in the HID during an outburst of a BH-
LMXB: at the start of the outburst the source is in the low hard state
(LHS), with a hard energy spectrum. As the outburst progresses, the
source follows an almost vertical path in theHID, increasing its inten-
sity and barely decreasing its hardness. Eventually, the source tran-
sitions to the hard-intermediate and soft-intermediate states (HIMS
and SIMS respectively) where, at an essentially constant intensity, the
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spectrum softens until the source reaches the high soft state (HSS).
In this state the energy spectrum is soft and the intensity decreases
while the hardness remains more or less constant. Finally, the source
returns to the LHS completing the 𝑞 shape in the HID.

The power density spectra (PDS) of LMXBs present narrow fea-
tures at characteristic frequencies, called quasi-periodic oscillations
(QPOs), which correspond to variability in the X-ray light curve on
well-defined timescales, providing information about the innermost
regions of the accretion flow (Ingram & Motta 2020). A QPO is
characterized by a centroid frequency, 𝜈0, a full-width half maxi-
mum, FWHM, an amplitude, and the energy-dependent phase lag.
Low-frequency QPOs (LF QPOs) observed in BH-LMXBs can be
classified into three types, A, B, and C, according to their strength,
quality factor, 𝑄 = (𝜈0/FWHM), fractional root mean square (rms)
amplitude, the properties of the underlying broadband noise in the
PDS, and the spectral state of the source (Belloni et al. 2005; Casella
et al. 2005). Type-A LF QPOs are broad peaks with centroid fre-
quencies around 8 Hz and weak variability; they have a quality factor
𝑄 < 3 and appear in the HSS. Type-B QPOs are narrower than type-
A QPOs and have centroid frequencies around 6 Hz and a 𝑄 > 6;
they display a relatively weak variability, ≈ 4% rms, and are found
in the soft-intermediate state in the HID, where the spectrum is dom-
inated by the soft component. Type C QPOs are narrow and strong
features that peak around a variable centroid frequency between 0.1-

© 2022 The Authors

ar
X

iv
:2

20
6.

13
60

9v
1 

 [
as

tr
o-

ph
.H

E
] 

 2
7 

Ju
n 

20
22



2 Bellavita et al.

15 Hz; they have a 𝑄 > 10 and are very frequent in the hard and
hard-intermediate states, where the spectrum is dominated by a hard
component.
In this paper we propose a model that explains the rms and lag

spectra of the LF-QPOs in BH-LMXB. While in principle the model
that we describe here would be applicable to the three types of QPOs,
type-A QPOs are very weak and up to date there is no report of an
rms or lag spectrum of this type of QPOs. Hence, we will focus on
type-B and C QPOs.
The X-ray spectrum of a BH-LMXBs is usually fitted with three

additive components: a soft component emitted by an optically thick,
geometrically thin accretion disk (Shakura & Sunyaev 1973), which
dominates in the HSS, a hard component, produced in a plasma
of highly energetic electrons (Sunyaev & Titarchuk 1980), called
the corona, that dominates in the LHS, and a reflection component
(Fabian et al. 1989). The hard component is likely due to Comptoni-
sation, which is the predominant interaction process between photons
and hot electrons since it reproduces correctly the shape of the spec-
trum of X-ray sources at high energies (Sunyaev & Truemper 1979;
Kazanas et al. 1997). The corona may well be a component of the
accretion flow (Ingram et al. 2009) or the base of an out-flowing jet
(Giannios et al. 2004; Markoff et al. 2005; Reig & Kylafis 2021)
For most QPOs in LMXBs, the variability increases with energy,

reaching 20−30% around 30 keV (eg.: for kHz QPOs Berger et al.
1996; Méndez et al. 2001; Gilfanov et al. 2003, for HFQPOs in BHC
Morgan et al. 1997; Belloni & Altamirano 2013, for type-C QPO
Rodriguez et al. 2002; Yadav et al. 2016; Zhang et al. 2017, 2020).
At these energies, the contribution of the soft component to the X-
ray spectrum is negligible; hence, the accretion disk alone cannot
explain the rms amplitude behaviour. The recent measurements of a
QPO up to ∼200 keV in MAXI J1820+070 (Ma et al. 2020) shows
that reflection cannot explain the rms spectrum of this QPO because,
even though reflection peaks around 20 keV, it decays at higher
energies and it is unable to produce the variability observed up to
150-300 keV. Thus, the only possible explanation of the high rms
amplitude of QPOs at (very) high energies is that the corona is
leading the variability, either producing it directly or amplifying the
oscillations produced in the accretion disk at different energy bands
(Sobolewska & Życki 2006).
Inverse Compton scattering naturally leads to a hard lag (the hard

photons lag behind the soft ones) because the travel path inside the
corona and the energy of a photon increase each time the photon
is inverse-Compton scattered; because of this high-energy photons
that suffered many scatterings escape the corona after low-energy
photons that suffered less or no scatterings (Miyamoto et al. 1988).
Some up-scattered photons may return to the disk and be re-emitted
later. This mechanism, called feedback, produces a soft lag, where
the less energetic photons are those that arrive later (Lee & Miller
1998).
Several papers proposed that the radiative properties of the vari-

ability in NS-LMXBs are due to the oscillation of thermodynamic
properties of the corona or of the soft photon source (Lee & Miller
1998; Lee et al. 2001; Kumar & Misra 2014). Recently, Karpouzas
et al. (2020) presented a numerical time-dependent Comptonisation
model that explains the energy-dependent rms and phase-lag spec-
trum of kiloHertz (kHz) QPOs in NS-LMXBs. Although this model
was originally built to explain the kilohertz QPOs in NS LMXB, Kar-
pouzas et al. (2021), Méndez et al. (2022) and García et al. (2022)
successfully applied the same model to the type-C LF-QPOs in the
BH candidate GRS 1915+105. Furthermore, García et al. (2021)
used the same model to explain the type-B QPO of the BH MAXI
J1348–630. In order to get a good fit of the phase lag and rms spec-

tra, García et al. (2021) considered two independent, but physically
coupled, Comptonisation regions.
The results of Lee et al. (2001), Kumar & Misra (2014) and Kar-

pouzas et al. (2020), in the case of kilohertz QPOs in NS-LMXBs
show that the rms and lag spectra are produced in a rather small,
less than 10 km, corona illuminated by the spherical NS surface; it
is therefore reasonable to model the emitting source as a spherical
single-temperature blackbody as done by Karpouzas et al. (2020). In
a BH-LMXB, this assumption is no longer appropriate. In this case
the source of seed photons is the accretion disk, and the corona is
generallymore extended than inNS-LMXBs (García et al. 2021; Kar-
pouzas et al. 2021; Méndez et al. 2022; García et al. 2022). Because
of this, and based on Karpouzas et al. (2020), we construct a model
in which the soft photon spectrum is a multi-temperature blackbody
(diskbb, Mitsuda et al. 1984), to take into account that the emitting
source is now the accretion disk. As in Karpouzas et al. (2020), we
continue assuming that the corona is spherically symmetric.
The remainder of this paper is organized as follows: In section 2

we briefly describe the model of Karpouzas et al. (2020), initially
proposed to explain kHz QPOs in NS-LMXBs, and the changes that
we introduced to explain the low frequencies QPOs in BH-LMXBs.
In section 3 we compare the predictions of our model with a disk as
the seed spectrum to those ofKarpouzas et al. (2020) black-body seed
spectrum. In this section we also explore the behaviour of the rms
and phase lag spectra for different values of the physical parameters
involved. Subsequently, we use our model to fit the rms-amplitude
and phase-lag spectra of the type-B QPO in MAXI J1348–630 and
the type-C QPO in GRS 1915+105 and compare our results with
the ones obtained in García et al. (2021) and García et al. (2022),
respectively. Finally, we discuss our results in Section 4.

2 THE MODEL

The model presented in Karpouzas et al. (2020) assumes that the
surface of the NS, characterized by a radius 𝑎 and a temperature 𝑇s,
injects photons into a spherical corona at a rate ¤𝑛s𝛾 per unit volume.
Since in this work we are interested in BH-LMXBs, we consider
that the soft photon source is a geometrically thin and optically thick
accretion disk, which is determined by the temperature, 𝑇s, at the
innermost radius of the disk, 𝑎.
We model the corona as a spherically symmetric homogeneous

plasma of size 𝐿, and temperature 𝑇e, filled with highly energetic
electrons uniformly distributed with a number density 𝑛e. We as-
sume that the seed photons are emitted as in Sunyaev & Titarchuk
(1980) and then inverse-Compton (IC) scattered in the corona, escap-
ing at a rate ¤𝑛esc per unit volume. As Karpouzas et al. (2020), we also
consider feedback, by which a fraction 𝜂 of the photons scattered in
the corona return to the soft photon source. Under these hypotheses,
we are able to describe the evolution of the time-dependent pho-
ton spectrum, 𝑛𝛾 (𝐸, 𝑡), via the Kompaneets equation (Kompaneets
1957), which takes into account the multiple IC scatterings:

𝑡c
𝜕𝑛𝛾

𝜕𝑡
=
1

𝑚e𝑐2
𝜕

𝜕𝐸

(
− 4𝑘𝑇e𝐸𝑛𝛾 + 𝐸2𝑛𝛾 + 𝑘𝑇e

𝜕

𝜕𝐸
(𝐸2𝑛𝛾)

)
+𝑡c ¤𝑛s𝛾 − 𝑡c ¤𝑛esc ,

(1)

where 𝑚e is the electron rest mass, 𝑐 is the speed of light in vacuum,
𝑘 is the Boltzmann constant, and 𝑡c = 𝐿/𝑐𝜏T is the Thomson colli-
sion time scale with 𝜏T the Thompson optical depth that, under our
assumptions, it is given by 𝜏T = 𝜎T𝑛e𝐿, where 𝜎T is the Thompson
cross section and 𝑛e the electron number density of the plasma.
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Karpouzas et al. (2020) assumed that the NS surface emits as a
blackbody (bbody), so that the injection rate is

¤𝑛s𝛾 =

[ 3𝑎2

[(𝑎 + 𝐿)3 − 𝑎3]

] ( 2𝜋
ℎ3𝑐2

BB(𝐸, 𝑘𝑇s)
)
,

(2)

where BB(𝐸, 𝑘𝑇s) = 𝐸2 (𝑒
𝐸
𝑘𝑇s − 1)−1. On the other hand, since we

consider that in the case of a BH LMXB the soft photon source is the
accretion disk, we model the emission with a multi-temperature disk
blackbody (diskbb, Mitsuda et al. 1984), with inner radius 𝑎 and
temperature at the inner radius 𝑘𝑇𝑠 . The integrated flux of this model
is equal to the one produced by a spherical bbody with radius 𝑎 and
temperature 𝑘𝑇𝑠 . Thus, we can still use the ¤𝑛s𝛾 in Eq. (2) replacing
BB(𝐸, 𝑘𝑇𝑠) by DiskBB(𝐸, 𝑘𝑇𝑠).
The photon escape rate per unit volume is:

¤𝑛esc =
𝑐𝜏T𝑛𝛾 (𝑡, 𝐸)

𝐿𝑁esc
=

𝑛𝛾 (𝑡, 𝐸)
𝑡c𝑁esc

, (3)

where 𝑁esc is the number of scatterings that a photon undergoes
before escaping from the corona and calculated as in Lightman &
Zdziarski (1987), assuming that each scattering is an independent
event.
As in Karpouzas et al. (2020), we model the QPO as a small oscil-

lation of the spectrum around the time-averaged one, 𝑛𝛾0, obtained
by solving the steady-state solution (SSS), i.e., imposing 𝜕𝑛𝛾0

𝜕𝑡
= 0

in Eq. 1. This perturbation can be produced by the variation of any
physical quantity involved in the Kompaneets equation and it can be
written as 𝑛𝛾 = 𝑛𝛾0 (1 + 𝛿𝑛𝛾𝑒

−𝜔𝑡 ), where 𝜔 and 𝛿𝑛𝛾 are the QPO
frequency and energy-dependent complex fractional amplitude, re-
spectively. The modulus of 𝛿𝑛𝛾 , |𝛿𝑛𝛾 |, is the rms amplitude of the
QPO,while the argument of 𝛿𝑛𝛾 , tan−1

(
𝐼𝑚(𝛿𝑛𝛾)
𝑅𝑒 (𝛿𝑛𝛾)

)
, is theQPOphase

lag.
We assume that fluctuations of the spectrum are caused by pertur-

bations in the coronal temperature,𝑇e = 𝑇e0 (1+𝛿𝑇e𝑒−𝜔𝑡 ), as a result
of an oscillating external heating rate, ¤𝐻ext = ¤𝐻ext0 (1+ 𝛿 ¤𝐻ext𝑒−𝜔𝑡 ).
The variation of the external heating rate, ¤𝐻ext, allows us to ex-
plain the fact that, after repeated scatterings, the temperature of the
plasma does not drop significantly. Since we are also considering
feedback, we assume that the temperature of the soft photon source
oscillates due to the up-scattered photons that return to the disk,
𝑇s = 𝑇s0 (1 + 𝛿𝑇s𝑒−𝜔𝑡 ). All three quantities, 𝛿𝑇e, 𝛿 ¤𝐻ext, and 𝛿𝑇s are
dimensionless complex quantities that can be calculated as explained
in Karpouzas et al. (2020).

2.1 Solving scheme

In this section, we summarize the main steps implemented to solve
Eq. (1). First we calculate the SSS and use it to obtain 𝛿𝑛𝛾 . We
also define the new variables 𝑥 = 𝐸/𝑘𝑇e and 𝑁 = 𝑛𝛾/𝑛c, where
𝑛c =

2𝜋𝑚e𝑡c𝑘𝑇e03𝑎2
ℎ3 [ (𝑎+𝐿)3−𝑎3 ] , and introduce them into Eq. (1) in order to

work with a dimensionless equation.
In Karpouzas et al. (2020), the numerical solution, 𝛿𝑛𝛾 , was calcu-

lated using a linearly spaced energy grid. However, since the photon
energy range of interest covers several orders of magnitude, for nu-
merical purposeswe use a logarithmically spaced energy grid instead.
This change introduced to the solving scheme leads to a significant
reduction of the computational time of the code, which is propor-
tional to 𝑀2, with 𝑀 the number of points in the mesh. We obtain a
reasonable sample of the energy grid –even better than in the linear
case at low energies, at which we are mostly interested– using 10

times less points than with the linear grid; this reduce the computa-
tional time by a factor of 100. To this aim, we introduce the change
of variable 𝑢 = log(𝑥) in the linearised form of Eq. (1).
The equation describing the SSS, after applying the change of vari-

ables mentioned above, and using finite differences in the linearized
form of Eq 1, results in

𝑁 𝑗−1
(
1
𝛿𝑢2

− 1
2𝛿𝑢

(
𝑒𝑢 − 1

) )
︸                       ︷︷                       ︸

𝐿 (𝑢 𝑗 )

+𝑁 𝑗

(
− 2
𝛿𝑢2

− 2 + 2𝑒𝑢 𝑗 − 𝑐2

)
︸                          ︷︷                          ︸

𝐷 (𝑢 𝑗 )

+𝑁 𝑗+1
(
1
𝛿𝑢2

+ 1
2𝛿𝑢

(
𝑒𝑢 − 1

) )
︸                       ︷︷                       ︸

𝑈 (𝑢 𝑗 )

= −DiskBB(𝑒𝑢 𝑗 , 𝑘𝑇𝑠) 𝑒2𝑢 𝑗︸                          ︷︷                          ︸
𝐶 (𝑢 𝑗 )

,

(4)

where 𝑗 = 1, 2, ..., 𝑀 − 1 and 𝑐2 =
𝑚e𝑐

2

𝑘𝑇e0𝑁esc (𝑒𝑢) . We solve this
equation as a boundary value problem with the boundary conditions
𝑁0 = 𝑁𝑀 = 0.
Once we find the array 𝑁 (one value at each energy in the grid),

which is equivalent to 𝑛𝛾0, we obtain the following perturbed equa-
tion and calculate 𝛿𝑛𝛾 by proceeding similarly as in the case of the
SSS:

𝛿𝑛
𝑗−1
𝛾

(
− 1

𝛿𝑢2
+ 1
2𝛿𝑢

(𝑒𝑢 − 1) + 𝑑𝑁

𝑑𝑢

�����
𝑢𝑗

1
𝑁 𝛿𝑢

)
︸                                                      ︷︷                                                      ︸

𝐿 (𝑢𝑗 )

+𝛿𝑛 𝑗
𝛾

( 2
𝛿𝑢2

+ 1
𝑁

DiskBB(𝑒𝑢𝑗 , 𝑘𝑇s0)
(𝑘𝑇e0)2

− 𝑖𝑐5
)

︸                                                 ︷︷                                                 ︸
𝐷 (𝑢𝑗 )

+𝛿𝑛 𝑗+1
𝛾

(
− 1

𝛿𝑢2
𝑗

− 1
2𝛿𝑢

(𝑒𝑢 − 1) − 𝑑𝑁

𝑑𝑢

�����
𝑢𝑗

1
𝑁 𝛿𝑢

)
︸                                                       ︷︷                                                       ︸

𝑈 (𝑢𝑗 )

=

𝛿𝑇e
(
− 2 + 1

𝑁

𝑑2𝑁

𝑑𝑢2

�����
𝑢𝑗

+ 1
𝑁

𝑑𝑁

𝑑𝑢

�����
𝑢𝑗

)
+ 𝛿𝑇s

1
𝑁

𝑘𝑇s0
(𝑘𝑇e0)2

𝜕DiskBB(𝑒𝑢𝑗 , 𝑘𝑇s)
𝜕𝑇s

�����
𝑇s0︸                                                                                                              ︷︷                                                                                                              ︸

𝐶 (𝑢𝑗 )

,

(5)

where the time derivative of DiskBB(𝑒𝑢 , 𝑘𝑇s) must be calculated
numerically because, unlike the case of the bbody, the analytical
expression is rather complicated given that the model involves an
integration.

3 RESULTS

In Fig. 1, we plot the SSS, the fractional rms amplitude, and the
phase lags considering both soft photon sources, the bbody (in olive
dashed line) and the diskbb (in blue solid line), using the same
parameter values. We notice that both SSSs present a maximum
around 1 − 3 keV, behave in the same way at higher energies, but the
diskbb is smoother than the bbody at lower energies. Due to the
pronounced peak in the SSS, the rms spectrum of the bbody shows
a pivot point at the same energy of the maximum in the SSS, which
is correlated with the abrupt drop of the lags. At lower energies,
the diskbb rms spectrum shows less variability than that of the
bbody. Consistently with the smoother behaviour of the SSS, the
rms spectrum for the diskbb does not have a sharp minimum as in
the case of the bbody. In the same way, we see that the drop of the
lags for the diskbb is less pronounced than in the case of the bbody.
At high energies, where all photons have already been Comptonised,
both spectra become very similar.
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Figure 1. Top panel: The steady-state (i.e. time-averaged) spectra obtained
from the solution using either a bbody (olive) or a diskbb (blue) source
of seed-soft photons. In the middle and lower panels we plot the energy
dependent fractional rms amplitude and phase lag for each seed photon model
(the colour convention is the same as in the top panel). In both cases we
considered the following parameter values: 𝜂 = 0.5, 𝑘𝑇𝑠 = 0.5 keV, 𝑘𝑇𝑒 =

20 keV, Γ = 3.5

In the following figures we present the fractional rms and phase
lags obtained with our model, using a diskbb spectrum as the source
of soft photons. We do so by independently varying each of the
input parameters of the model. In all these figures, we use the same
spectrum of Fig. 1 as a guideline, which we plot with a solid black
line.

3.1 The feedback fraction and the soft-photon source

On the left panel of Fig. 2 we present the rms and lag spectra for
different values of the feedback fraction parameter, 𝜂, ranging from
very-low feedback, 0.1 in blue, to very-high feedback, 0.8 in olive. For
this configuration, at high energies (𝐸 & 5 keV) the model predicts
that both the rms and lags are independent of the feedback fraction,
showing essentially identical curves for both the rms and lags. This
independence arises as feedback photons are re-emitted following the
spectrum of the soft photon source, which dominates below 2 keV but
is negligible above 5 keV. At low energies (𝐸 <∼ 5 keV) the curves start
to separate according to the feedback fraction. For 𝜂 & 0.4, the rms
amplitudes flatten to values of∼1%below1 keV,while for 𝜂 < 0.4 the
rms decreases further around 0.8 keV, revealing a pivot point for the
lowest values of the feedback fraction, and increases again to ∼0.5–
0.8% at 0.1 keV. At the same time, the lags have a minimum in the
1–5 keV energy range, with the energy of the minimum decreasing as
the feedback fraction decreases. For energies below the pivot point

(𝐸 < 1 keV), the lags increase again being sharper for the lowest
feedback, as in the bbody case (García et al., in prep.).
On the right panel of Fig. 2we display the behaviour of the variabil-

ity spectra for different values of the soft photon source temperature,
𝑘𝑇𝑠 , ranging from 0.4 keV in blue to 2 keV in olive. This figure shows
that the model predicts essentially the same rms curves for all values
of 𝑘𝑇𝑠 but shifted to higher energies as the soft-photon temperature
increases. For 𝑘𝑇s = 0.3 keV the rise of the rms amplitude takes
place at 0.4 keV and it moves to the right as 𝑘𝑇s increases, reaching
∼3 keV for a temperature of 2.0 keV. Similarly, the energy of the
minimum in the lags is higher for higher values of 𝑘𝑇𝑠 , going from
∼2 keV for 𝑘𝑇s = 0.3 keV to ∼14 keV for 𝑘𝑇s = 2.0 keV, suggesting
a correlation between both quantities. We fitted the relation between
𝑘𝑇s and the energy of the minimum in the lag spectrum, 𝐸min, with a
linear function and found a very significant correlation (correlation
coefficient 𝑟 = 0.999, with a probability of 10−32 for the hypothesis
that the data are not correlated), 𝐸𝑚𝑖𝑛 ≈ 6.87𝑘𝑇𝑠 in keV.

3.2 The effect of the corona parameters

On the left panel of Fig. 3 we show the rms and lag spectra as a
function of the corona temperature, 𝑘𝑇𝑒, for values from 15 keV (in
blue) to 50 keV (in olive). Overall, the rms amplitude increases with
energy from ∼1% to ∼10% becoming roughly flat above ∼10 keV.
We see that at energies higher than &2 keV, though very similar, the
model predicts larger rms amplitudes for lower 𝑘𝑇e values. Around
2 keV all curves come together and as the energy decreases below
𝐸 <∼ 2 keV, the trend of the rms amplitude with 𝑘𝑇e changes such that
that the rms amplitude increases as 𝑘𝑇e increases. The lag spectra
are smoother at high than at low values of 𝑘𝑇𝑒. For energies below
∼3–5 keV the lags are soft, as they decrease with energy mainly due
to feedback. For energies above ∼3–5 keV the lags become hard due
to Comptonisation. For energies 𝐸 > 𝑘𝑇𝑒, the lags reach a local
maximum and become soft again, due to Compton down-scattering.
The right panel of Fig. 3 corresponds to different values of the pho-

ton index, Γ. As the electron temperature is fixed for every curve at
𝑘𝑇𝑒 = 20 keV, changes in the photon index reflect changes in the opti-

cal depth, 𝜏, following this relation: Γ =

√︂
9
4 +

1
𝑘𝑇𝑒
511 keV 𝜏 (1+𝜏/3)

− 1
2 .

We considered values of Γ ranging from 1.6 in olive (which cor-
respond to 𝜏 = 4.64) to 3.5 in blue (𝜏 = 1.3). At energies below
1 keV, the model predicts higher rms amplitudes for lower Γ values.
In the 1–2 keV energy range a pivot point shows up for Γ . 2.6,
and it becomes deeper as Γ decreases. Meanwhile, above ∼2 keV the
rms amplitudes are larger for higher values of Γ. For photons with
energies below 4 keV the model yields softer lags for smaller photon
indices. Concomitantly with the appearance of the pivot point in the
rms, the fall in the lags becomes steeper for lower Γ, as the pivot
point becomes deeper in the rms spectrum. Around 4 keV the curves
start to overlap until it becomes difficult to separate one from the
other for energies &5 keV.

3.3 Model application to MAXI J1348–630

MAXI J1348–630 is a BH LMXB discovered in outburst on 2019
January 26 with theMAXI instrument on board the ISS (Yatabe et al.
2019; Tominaga et al. 2020). The source showed a transition from
the low-hard to the high-soft state, first detected withMAXI and later
confirmed with INTEGRAL (Cangemi et al. 2019), followed by a
strong radio flare (Carotenuto et al. 2019, 2022). Across the outburst,
a thorough follow-up was performed with the NICER instrument in
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Figure 2. Plot of the energy dependent fractional rms and lags considering a disk-blackbody as soft photon source for different parameter values. On the left
panel we show the behaviour of both spectra for different feedback values, from 0.1 (blue) to 0.8 (olive), leaving the other parameters fixed on 𝑘𝑇𝑠 = 0.5 keV,
𝑘𝑇𝑒 = 20 keV, Γ = 3.5. On the right panel we fix the feedback to 𝜂 = 0.5 and we varied 𝑘𝑇𝑠 to explore the spectra for different values of the soft photon source
temperature, from 0.3 keV (blue) to 2.0 keV (olive). In both panels we display in black the same fractional rms and lag spectra as in Fig. 1, using 𝜂 = 0.5,
𝑘𝑇𝑠 = 0.5 keV, 𝑘𝑇𝑒 = 20 keV, Γ = 3.5 for a disk-blackbody case.
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Figure 3. Same plot as Fig. 2 but here we explore the behaviour of the spectra varying independently the corona temperature and the photon index. On the left
panel we consider 𝜂 = 0.5, 𝑘𝑇𝑠 = 0.5 keV, Γ = 3.5 and 𝑘𝑇𝑒 assuming values from 15 keV (blue) to 50 keV (olive). On the right panel we fix 𝑘𝑇𝑒 = 20 keV and
we vary the photon index from 1.6 (olive) to 3.5 (blue). The black lines are the same as in Fig. 2

the 0.2–12 keV energy range (Gendreau et al. 2012), and the spectral-
timing analysis of a prominent type-B QPO observed during this
transitions was presented in detail by Belloni et al. (2020). In their
Figure 4, Belloni et al. (2020) show the energy-dependent fractional-
rms amplitude and phase lags of the type-B QPO in MAXI J1348–

630. The strong QPOwas detected in the full energy range, from 0.75
to 10 keV, at a stable QPO frequency 𝜈0 ≈ 4.45 Hz, with fractional
rms amplitudes increasing from <∼ 1% at the lowest energies to∼10%
at the highest ones. In addition, the lag-energy spectrum shows that
photons with energies both below and above those in the 2–2.5 keV,
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Figure 4. Fractional rms (upper panels) and phase-lag spectra (lower panels)
of the 4.45 Hz type-BQPO ofMAXI J1348–630. The solid lines represent the
best-fitting vkompthdkmodel obtained for a corona size of ∼11 000 km and a
∼35% feedback fraction for a diskbb soft-photon source with a temperature
of ∼0.45 keV. Residuals, Δ= (data–model)/error, are also shown. The error
bars of the rms amplitude were multiplied by a factor of five and rms dilution
has been included (see text for details).

the reference band, lag behind the photons in the reference band with
an average delay of ∼32 ms for photons with energies below the
reference band, and ∼21 ms for photons above that.
García et al. (2021) applied the model originally developed by

Karpouzas et al. (2020), including a black-body source of soft pho-
tons, and found a relatively good fit to the lag spectrum, but failed
to explain the high fractional rms values observed at high ener-
gies. They then introduced two independent, but physically coupled,
Comptonisation regions, with which they achieved good fits to both
the rms and lag spectra of the QPO. These two regions, which they
called small and large. have sizes of ∼30 and ∼700 𝑅𝑔, where 𝑅𝑔 is
the gravitational radius assuming a 10 M� BH, with feedback frac-
tions of ∼20 and ∼0.8%, respectively. They also found a soft-photon
source temperature of 𝑘𝑇bb ∼ 0.35 keV, lower than the temperature
of the diskbb component from the best-fit to the time-averaged spec-
trum (∼0.6 keV, Belloni et al. 2020); as explained by García et al.
(2021), this is a consequence of the spectral differences between a
diskbb and a bbody.
Given the use of a diskbb component in themodel described here,

we tried andfitted thediskbb variant of our variable-Comptonisation
spectral-timing model, that we so-called vkompthdk, to the same
dataset.

3.3.1 Single-component Comptonisation model vkompthdk

In order to fit the fractional rms and phase lags of the type-B QPO
of MAXI J1348–630 using the vkompth model introduced in this
work, we used XSPEC v12.12.0g (Arnaud 1996). For this, we com-
piled the vkompth model written in Fortran against the XSPEC li-
braries and loaded it as an external model; we also wrote the rms
and phase lag spectra in PHA format and created the corresponding
response (RMF) files. The best-fitting model was obtained using the
Levenberg-Marquardt algorithm and uncertainties in the parameters
were calculated by running Markov Chain Monte Carlo (MCMC)
simulations of 105 samples from 60 walkers, using the Goodman-
Weare algorithm provided by XSPEC.
Along this process we kept the corona temperature, 𝑘𝑇𝑒 fixed to

20 keV and the power-law index, Γ to 3.5 (Belloni et al. 2020), which
yields an optical depth of ∼1.31. The rest of the physical parameters
were left free to vary. As in García et al. (2021), while fitting the
one-component vkompthdk model, we increased the errors in the
fractional rms amplitudes by a factor of five tomatch the uncertainties
in the lags.
As our model only considers variations in the Comptoni-

sation component, nthcomp, whereas the best-fitting model to
the time-average spectrum found by Belloni et al. (2020) was
diskbb+nthcomp+gaussian, we introduced a correction to the
fractional rms amplitude computed in the model to take into ac-
count the fraction of photons that are emitted by the accretion
disk component diskbb and the Fe-line gaussian, and reach
the observer without being Comptonised. This correction takes
into account that, compared to the prediction of vkompthdk,
the observed fractional rms amplitudes are diluted by a factor
nthcomp/(nthcomp + diskbb + gaussian)2.
In Figure 4we present the best-fittingmodel and residuals obtained

with a single-Comptonisation region. The corresponding best-fitting
parameters and their 1-𝜎 (68%) uncertainties are summarized in Ta-
ble 1. Corner plots associated to the MCMC chains can be found
in Appendix A. Similar to what was found by García et al. (2021)
using vkompthbb, with a bbody as the source of soft-photons, the
vkompthdk model reproduces the trends of both the fractional rms
amplitude and phase lags, but the fit is far from being statistically ac-
ceptable, with 𝜒2𝜈 = 3.45 for 27 d.o.f. Using the vkompthdk model,
the fit improves, yielding a higher fractional rms variability ampli-
tudes than the vkompthbbmodel above∼5 keV, as shown by the data,
but fails to reproduce the lag spectrum at mid-energies (2 − 3 keV).
The best-fitting model requires a relatively large corona of 11 000 km
(∼600 𝑅𝑔, for a 10 M� BH), with a relatively low feedback fraction
of ∼35%. The diskbb temperature is ∼0.45 keV, higher than the
value found by García et al. (2021) for a bbody spectrum (∼0.2 keV),
but much more compatible with the best-fitting 𝑘𝑇dbb obtained by
Belloni et al. (2020) and Zhang et al. (2021) for the time-averaged
spectra of the source, 𝑘𝑇𝑠 ∼0.6 keV. This result makes the model
clearly more self-consistent in terms of the observed time-average
and variable energy-dependent spectra. Finally, the amplitude of the

1 We note that the formula in García et al. (2021) has a typo, but the values
of the optical depth given in the paper are correct. The correct formula is
𝜏 =

√︂
9
4 +

3
𝑘𝑇𝑒
511 keV [ (Γ+1/2)2−9/4]

− 32 .
2 We note that this assumes that the external diskbb and gaussian compo-
nents do not vary, at least not at the QPO frequency, and that all the variabil-
ity comes from the nthcomp component, which includes the diskbb soft-
photons that are Comptonised in the corona.
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Table 1. Best-fitting values of the physical parameters of MAXI J1348–630 and their corresponding 1-𝜎 (68%) uncertainties obtained with a single-component
vkompthdk model.

𝑘𝑇𝑒 Γ 𝜏 𝑘𝑇𝑠 𝐿 𝜂 𝛿𝐻 ext 𝜒2𝜈 (dof)
(keV) (keV) (103 km) (%)

20† 3.5† 1.3† 0.44±0.02 11±1 0.37±0.06 13±1 3.45 (27 dof)

† fixed parameters.
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Figure 5. Energy-dependent fractional rms amplitude (upper panels) and
phase lags (lower panels) of the 4.45 Hz type-B QPO of MAXI J1348–
630. The best-fitting models (solid lines) are obtained using a combina-
tion of two Comptonisation components (vkdualdk model). Residuals,
Δ = (data–model)/error, are also shown. Dilution of the rms by the disk
component has been included (see text for details).

oscillation of the external heating source is ∼13%, higher than the
value found byGarcía et al. (2021) for the fit with vkompthbb (∼4%).

3.3.2 Two-component Comptonisation model vkdualdk

Following García et al. (2021), and given the large 𝜒2 obtained using
the single-component Comptonisation model vkompthdk, we also
explored the possibility that the variability spectra arises from two
Comptonisation regions that we also call small (1) and large (2); we
call this dualmodel vkdualdk3. For this, in order to match the prop-
erties of the time-averaged spectrum, we consider that both regions
have 𝑘𝑇𝑒,1−2 = 20 keVandΓ1−2 = 3.5 (seeBelloni et al. 2020; Zhang
et al. 2021). While fitting the QPO data with this vkdualdk model,

3 We note that there was a typo in Eq. 3.1 of García et al. (2021). The minus
sign should be a plus.

we consider the actual 1-𝜎 errors of both rms and phase lags and take
into account the rms dilution introduced in the previous sub-section.
In Figure 5 we show the best-fits and residuals found using

the vkdualdk model. The corresponding best-fitting parameters
and their 1-𝜎 (68%) uncertainties are presented in Table 2, where
subindices 1 and 2 correspond to the small and large corona com-
ponents, respectively. In Appendix A we present the corner plot
obtained from the MCMC chain for the most relevant physical pa-
rameters of this model.
The best-fitting vkdualdk model matches the data statistically

very well, with 𝜒2𝜈 = 0.96 for 22 d.o.f, significantly better than the
fit with single-component model. The dual model is able to explain
simultaneously both the rms amplitudes leveling below ∼1.5 keV
and the steady increase up to &10% at ∼5-10 keV, while showing
the same overall trend of the𝑈-shaped lag spectrum which also lev-
els off in that same energy range. The residuals, on the other hand,
show no systematic trends. The best-fitting model yields a small
Comptonisation region of ∼150 km (∼8 𝑅𝑔 for a 10 M� BH) with
very high feedback (>90%) and a rather high seed temperature of
∼0.9 keV, pointing to the innermost parts of the diskbb component
as the source of soft-photons, plus a large Comptonisation region
of ∼12 200 km (∼650 𝑅𝑔) with relatively low feedback fraction of
∼25%, and a diskbb temperature of ∼0.4 keV, similar to the Comp-
tonisation region found with the vkompthdk model presented in the
previous sub-section. The oscillations of the two components have a
lag, 𝜙 ∼3.0±0.1 rad. The amplitude of the oscillation of the external-
heating source are roughly ∼23% and ∼20%, respectively.

3.4 Application to type-C QPOs in GRS 1915+105

To verify whether this version of the model is also applicable to type-
C QPOs in BH X-ray binaries, we fitted the vkompthdk model to
the rms and lag spectra of the type-C QPO in the BH candidate GRS
1915+105 (Zhang et al. 2020; Méndez et al. 2022). This type-C QPO
was originally fitted using the vkompthbbmodel in 398 RXTE obser-
vations (García et al. 2022). In their Figures 4, 5 and 6 García et al.
(2022) presented the best-fitting values of, respectively, the feedback
fraction, 𝜂, the corona size, 𝐿, and the blackbody temperature, 𝑘𝑇𝑠 ,
as a function of the QPO frequency, 𝜈0. Both 𝜂 and 𝑘𝑇𝑠 show in-
creasing trends with 𝜈0, and two families of points are apparent in
the plots: for 𝜈0 . 1.8 Hz, the source shows low feedback fraction
(𝜂 . 0.3) and low temperature (𝑘𝑇𝑠 . 0.2 keV), whereas when
𝜈0 & 2.5 Hz the feedback becomes rather large (𝜂 & 0.8) and the
black-body temperature increases to 0.7 − 2 keV. Meanwhile, in the
intermediate 1.8 − 2.5 Hz range, both families coexist. On the other
hand, the corona size rapidly decreases from &104 km to ∼102 km
as 𝜈0 increases from 0.5 to 2 Hz, and slowly increases again reach-
ing intermediate sizes of ∼103 km when 𝜈0 ≈ 4 − 6 Hz . They also
showed that, at the same QPO frequency, higher corona temperatures
correspond to larger corona sizes.
When using the vkompthdkmodel presented in this work to fit this

same QPO dataset, despite small differences in the individual values
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Table 2. Same as Table 1 for the two-component vkdualdk model.

𝑘𝑇𝑒 Γ 𝜏 𝑘𝑇𝑠,1 𝑘𝑇𝑠,2 𝐿1 𝐿2 𝜂1 𝜂2 𝛿𝐻 ext,1 𝛿𝐻 ext,2 𝜙 𝜒2𝜈 (dof)
(keV) (keV) (keV) (103 km) (103 km) (%) (%) (rad)

20† 3.5† 1.3† 0.93±0.11 0.42±0.02 0.16±0.06 13.4+3.6−2.3 >0.88 0.27±0.10 25±6 20±3 3.0±0.1 0.96 (22 dof)

† fixed parameters.

in each particular fit, for every relevant parameter we found consistent
trends with those found in the earlier work from García et al. (2022)
using vkompthbb that were described above. This was somehow
expected since, as we showed at the beginning of this Section, the
differences between the vkompthbb and vkompthdkmodels become
significant below ∼2 keV, while RXTE is only sensitive above 3 keV.

4 DISCUSSION

We developed a new version of the time-dependent Comptonization
model of Karpouzas et al. (2020) in which we use an accretion
disc instead of a blackbody as the source of seed photons that are
subsequently inverse-Compton scattered in a corona. The newmodel
can be used to fit the rms amplitude and phase lag spectra of low-
frequency QPOs in BH-LMXBs.We also implemented a logarithmic
grid to solve the time-dependent Kompaneets equation that describes
the variability of the disk/corona system, which accelerates the code
by two orders of magnitude compared to the version in Karpouzas
et al. (2020).
The fractional rms variability of the LFQPOs in BH LMXBs

increases with energy, from <∼1% at energies below 1-2 keV (Belloni
et al. 2020) to 10-20% at ∼30-50 keV (Zhang et al. 2017, 2020), and
in some cases even up-to 100-200 keV (e.g., Huang et al. 2018; Ma
et al. 2021). At those energies, Comptonisation dominates the time-
averaged spectrum and hence this process must be the mechanism
responsible for the radiative properties of these QPOs. In our model,
theQPO is a small oscillation of the source spectrum around the time-
averaged spectrum, caused by fluctuations of the thermodynamic
properties of either the Comptonising medium or the accretion disk.
The model was originally developed for the high-frequency QPOs

in NS-LMXBs considering a bbody spectrum, representing the sur-
face of the NS itself or the boundary layer, as the source of soft-
photons for Comptonisation (Lee & Miller 1998; Lee et al. 2001;
Kumar & Misra 2014; Karpouzas et al. 2020). The same model was
later applied to model low-frequency QPOs in BH candidates (Gar-
cía et al. 2021; Karpouzas et al. 2021), who considered the same
kind of soft-photon source. In this work we modified the model to
have a disk-blackbody (diskbb) as the source of soft-photons; the
disc photons are injected into a spherical corona of homogeneously
distributed hot electrons. The soft photons are inverse-Compton scat-
tered by these electrons, and escape the corona with, on average, a
higher energy than the one they had when they entered the corona.
Because the photons that suffer more scatterings escape the corona
at a later time, and with higher energies than those photons that es-
cape directly or suffer less scatterings, the hard photons lag the soft
ones (introducing hard lags). If a fraction of the up-scattered photons
returns to the disc and is reprocessed and thermalised, a process that
we call feedback, low-energy photons will escape the corona after
the hard photons leading to soft lags.
We note that our model is based upon two assumptions: (i) The

soft-photon source (a disk blackbody in this paper or a blackbody in
Karpouzas et al. 2020) is spherically symmetric and the seed photons

are emitted isotropically in the corona (Sunyaev & Titarchuk 1980;
Zdziarski et al. 1996; Życki et al. 1999) (ii) The corona is spherically
symmetric and homogeneous, and its optical depth, and therefore
its density, remain constant during the oscillation. In the future we
hope to generalize some of these hypotheses however, at this stage,
these are necessary assumptions to be able to solve the mathematics
involved in the problem in a semi-analytic way.
We found that when the soft-photon source is modelled as a
diskbb the fractional rms amplitude and phase lag spectra of the
QPO have a smoother behaviour than when one uses a blackbody
soft-photon source. In general, at high energies there is no signifi-
cant difference in the rms and lag spectra between the diskbb and
blackbody cases, consistent with the fact that both time-averaged
spectra, nthcomp and bbody, are almost identical at high energies.
We also analyzed the dependence of both the rms amplitude and
phase lags of the QPO upon the different physical parameters of the
model. At energies above 1 keV, the rms amplitude depends upon
the temperature of both the corona and the soft photon source, but
primarily on the optical depth of the corona (Fig. 3), whereas the
feedback fraction 𝜂 does not modify the rms spectrum. Instead, at
energies below 1 keV, the rms amplitudes are affected by all param-
eters except for the soft-photon source temperature. The slope of the
phase-lag spectrum, on the other hand, depends strongly on 𝜂. For a
very low value of 𝜂 the lags are hard, while as 𝜂 increases the lags
soften (see left panel of Fig. 2). While at energies above ∼5 keV the
lag spectra are essentially independent of the parameter values, at
energies below ∼5 keV the shape of the lag spectra changes signif-
icantly when the parameters change. For instance, the lags become
softer with increasing corona temperature, 𝑘𝑇𝑒, or with decreasing
photon index, Γ, or feedback fraction, 𝜂. Finally, we found a strong
correlation between the minimum in the phase lag spectrum, the in-
creasing energy in the rms, and the soft-photon source temperature,
𝑘𝑇𝑠 , which is apparent on the right panel of Fig. 2.
Our optimization of the numerical code, which now uses a log-

arithmic energy grid, makes it fast enough such that it is compu-
tationally possible to use our vkompth model4 as a local model of
XSPEC to fit the time-dependent as well as the time-averaged spectra
in the standard way. As an example of the application of the model
to a low-frequency QPO in a BH LMXB, we have chosen to fit the
available data from the type-B in MAXI J1348–630 obtained while
the source was transitioning from the high to the soft states (Belloni
et al. 2020). This dataset was early fitted using our model with a
bbody soft-photon source by García et al. (2021). The available data
comprises the energy-dependent fractional rms and phase lags asso-
ciated to this QPO with a 𝜈0 = 4.55 Hz. When comparing those fits
obtained using a diskbb model to those from García et al. (2021)
based on a bbody source of soft-photons, we found that the former
are statistically better, and that the physical parameters retrieved are
more appropriate when compared both to those derived from the
steady-state or time-averaged spectra, and to the overall scenario.

4 https://github.com/candebellavita/vkompth
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Following García et al. (2021), we initially fitted simultaneously
the rms and lag spectra of this QPO with the single-Comptonisation
region model, vkompthdk in XSPEC. The best-fitting model repro-
duces the trends in the data quite well, but the fit is statistically
unacceptable, with a high reduced 𝜒2𝜈 = 3.45. The fit requires a large
corona, 𝐿 ∼ 600 𝑅𝑔, with relatively low feedback, 𝜂 ∼ 35%. While
this may appear to be too large a corona, we note that such a large
corona (𝐿 ∼ 100 − 500 𝑅𝑔) was also found in MAXI J1820+70
during the transition from the high to the soft state, from fits to the
broadband lags using a lamp-post reverberation model (Wang et al.
2021), and a large corona, 𝐿 ∼100 𝑅𝑔, was also inferred in the case
of Cyg X-1 using polarimetric measurements from PoGO+ (Chauvin
et al. 2018). We also fitted a model with two-Comptonisation re-
gions, which we call vkdualdk, to the same data. We found that the
best-fitting model requires a large corona with similar characteristics
to those found using the vkompthdk model, and a small corona of
𝐿 ∼150 km (∼8 𝑅𝑔 for a 10 M� BH) with a very high feedback
fraction, 𝜂 >90%. We interpret this solution as a dual corona formed
by a compact and hot region situated very close to the BH and fed
by the innermost parts of the accretion disk with a relatively high ef-
fective temperature, 𝑘𝑇𝑠 ∼ 0.9 keV, and a large and extended region
fed by a more external part of the accretion disk, and thus having
a lower effective temperature, 𝑘𝑇𝑠 ∼0.4 keV); this large region may
be associated to the base of the extended jet which starts to develop
during the state transition in MAXI J1348–630 (Carotenuto et al.
2022).
We also fitted the vkompthdk model presented here to 398 RXTE

observations of GRS 1915+105 containing a type-C QPO. For ev-
ery relevant physical parameter of the model, we found consistent
trends with QPO frequency to those obtained using a black body,
vkompthbb, as the soft-photon source (see Figures 4, 5 and 6 in Gar-
cía et al. 2022). This was expected given the energy coverage from
RXTE, which was not sensitive below ∼3 keV. In addition, recently
Zhang et al. (2022) successfully applied the vkompthdk model to
fit the type-C QPOs in MAXI J1535–571, using HXMT data rang-
ing from 1 to 100 keV. Therefore, we conclude that this variable-
Comptonisation model is able to explain both type-B and type-C
low-frequency QPOs in BH LMXB binaries.
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APPENDIX A: MCMC CORNER PLOTS

As explained in Sec. 3,wefitted thevkompthmodel usingXSPEC (Ar-
naud 1996) using the Levenberg-Marquardt algorithm. After finding
the appropriate minimum, in order to estimate the uncertainties in the
physical parameters provided by the models, we ran MCMC chains
of 105 steps using 60 walkers under the Goodman-Weare scheme in
XSPEC. We then used the tkXspecCorner5 program to interactively
create corner plots of the main physical parameters that we present
on Figures A1 and A2 for the vkompthdk and the vkdualdkmodels,
respectively. As usual, in the lower-left panels of the corner plots we
show the joint-probabilities of each pair of relevant physical param-
eters of the models, while in the diagonal we show the individual
probability of each parameter, including both the median and 68%
confidence intervals in the top labels.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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Figure A1. Corner plot of the physical parameters of MAXI J1348–630 obtained with the single Comptonisation model vkompthdk introduced in this paper,
which includes a diskbb soft-photon source characterised by its temperature, 𝑘𝑇𝑠 . The parameters of the corona include its physical size, 𝐿, the feedback
fraction, 𝜂, and the amplitude of the external heating rate oscillation, 𝛿𝐻ext. Median and 68% credible-interval for each parameter are indicated at the top of
each diagonal panel.
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Figure A2. Same as Figure A1 but for the main best-fitting parameters obtained using a two-component dual model, named vkdualdk.
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