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A B S T R A C T 

Polarization is a unique tool to study the dust grains of protoplanetary discs. Polarization around HL Tau was previously imaged 

using the Atacama Large Millimeter/submillimeter Array (ALMA) at Bands 3 (3.1 mm), 6 (1.3 mm), and 7 (0.87 mm), showing 

that the polarization orientation changes across wavelength λ. Polarization at Band 7 is predominantly parallel to the disc 
minor axis but appears azimuthally oriented at Band 3, with the morphology at Band 6 in between the two. We present new 

∼0.2 arcsec (29 au) polarization observations at Q-Band (7.0 mm) using the Karl G. Jansky Very Large Array (VLA) and at 
Bands 4 (2.1 mm), 5 (1.5 mm), and 7 using ALMA, consolidating HL Tau’s position as the protoplanetary disc with the most 
complete wav elength co v erage in dust polarization. The polarization patterns at Bands 4 and 5 follow the previously identified 

morphological transition with wavelength. From the azimuthal variation, we decompose the polarization into contributions from 

scattering ( s ) and thermal emission ( t ). s decreases slowly with increasing λ, and t increases more rapidly which are expected 

from optical depth effects of toroidally aligned scattering prolate grains. The weak λ dependence of s is inconsistent with the 
simplest case of Rayleigh scattering by small grains in the optically thin limit but can be affected by factors such as optical 
depth, disc substructure, and dust porosity. The sparse polarization detections from the Q -band image are also consistent with 

toroidally aligned prolate grains. 
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 I N T RO D U C T I O N  

tudying the dust properties of protoplanetary discs is crucial for 
nderstanding the origins of planets, because dust grains serve as 
he building blocks of planet formation (e.g. Beckwith, Henning & 

akagawa 2000 ; Johansen et al. 2014 ; Morbidelli & Raymond 
016 ). Polarization at millimeter wavelengths has emerged as a 
nique and powerful tool for studying the properties of dust grains
nd their initial conditions in discs (e.g. Andersson, Lazarian & 

aillancourt 2015 ; Kataoka et al. 2015 ). With the advent of the
tacama Large Millimeter/submillimeter Array (ALMA), the field 
f (sub)millimeter -wa velength disc polarization has witnessed a rev- 
lution, thanks to the unprecedented sensitivity and spatial resolution 
e.g. Kataoka et al. 2016b ; Stephens et al. 2017 , 2020 ; Alves et al.
018 ; Bacciotti et al. 2018 ; Girart et al. 2018 ; Lee et al. 2018 , 2021 ;
ent et al. 2019 ; Harrison et al. 2019 ; Sada v oy et al. 2019 ; Takahashi

t al. 2019 ; Ohashi et al. 2020 ; Aso et al. 2021 ; Harrison et al. 2021 ;
ang et al. 2023 ). 
 E-mail: zdl3gk@virginia.edu 
 NSF Astronomy and Astrophysics Postdoctoral Fellow. 
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A common process to produce disc polarization is through dust 
cattering. Grains can efficiently scatter thermal radiation from other 
rains when the sizes of grains become comparable to the observing
avelength (Bohren & Huffman 1983 ; Kataoka et al. 2015 ). This
echanism produces a distinctive pattern in an inclined disc where 

he polarization direction is parallel to the disc minor axis (Kataoka
t al. 2016a ; Yang et al. 2016a ). Most sources with resolved disc-scale
olarization observ ations sho w this pattern (e.g. Stephens et al. 2014 ,
017 ; Hull et al. 2018 ; Takahashi et al. 2019 ) and the measurements of
he spectral index of Stokes I support the dust scattering interpretation
e.g. Carrasco-Gonz ́alez et al. 2019 ; Liu 2019 ; Zhu et al. 2019 ; Lin
t al. 2020b ). 

Another process to produce polarization is through polarized 
hermal emission of aligned elongated grains. There are several 
roposed mechanisms to align grains, including radiative alignment 
orques (RAT; Dolginov & Mitrofanov 1976 ; Draine & Weingartner 
997 ), mechanical alignment torques (MET; Gold 1952 ; Lazarian &
oang 2007b ; Hoang, Cho & Lazarian 2018 ), or paramagnetic 

lignment, which can align grains either to the magnetic field, 
adiation field, or the gas flow depending on the details of each
echanism (see e.g. Andersson, Lazarian & Vaillancourt 2015 ; 
oang et al. 2022 ). While grains are likely aligned to the magnetic
eld in the diffuse ISM and protostellar envelopes through RAT or its
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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agnetically enhanced version MRAT (e.g. Hoang & Lazarian 2016 ;
e Gouellec et al. 2020 ; Valdivia, Maury & Hennebelle 2022 ), it is
nclear which mechanism can align grains in protoplanetary discs.
evertheless, one can infer the presence of aligned grains through a

onsistent polarization pattern across wavelengths (Cox et al. 2015 ;
lves et al. 2018 ) or through a 90 ◦ flip due to dichroic extinction (Ko

t al. 2020 ; Lin et al. 2020a ; Liu 2021 ). 
Interestingly, in some discs, polarization measurements exhibit

olarization consistent with dust scattering at shorter wavelengths,
ut the polarization becomes azimuthally oriented at longer wave-
engths (e.g. Stephens et al. 2017 ; Harrison et al. 2019 ; Mori et al.
019 ; Harrison et al. 2021 ). The difference in the polarization
atterns is not expected from scattering or aligned grains alone
Yang et al. 2016b , 2017 ; Stephens et al. 2017 ; Mori & Kataoka
021 ). The best-studied case, thus far, that exhibits the transition
n disc-scale polarization morphology with wavelength is HL Tau,
 Class I/II protostar. At Band 3, the polarization is azimuthally
riented with ∼ 2 per cent polarization (Kataoka et al. 2017 ). At
and 7, the polarization becomes unidirectional and parallel to

he disc minor axis with ∼ 0 . 8 per cent polarization (Stephens
t al. 2014 , 2017 ). Intriguingly, the Band 6 image has polarization
irections that are in between the two extremes (Stephens et al.
017 ). 
Studies have shown that the azimuthally oriented polarization at

and 3 seen in HL Tau is better explained by toroidally aligned
f fecti vely prolate grains than radially aligned ef fecti vely oblate
rains based on the azimuthal variation of polarization (Kataoka et al.
017 ; Yang et al. 2019 ; Mori & Kataoka 2021 ). 1 By self-consistently
olving radiation transfer equations, including the thermal polariza-
ion and scattering of aligned grains, Lin et al. ( 2022 ) demonstrated
hat the transition in polarization morphology could be attributed to
n increase of optical depth towards shorter wavelengths that causes
cattering polarization to dominate o v er the polarization from the
nderlying thermal polarization of aligned grains. The optical depth
nterpretation also naturally explains the Band 6 image that appears
n between the two extreme morphology if the optical depth is largely
n between that at Bands 3 and 7. To further test if toroidally aligned
rolate grains with varying optical depth can explain the polarization
ransition, we need additional resolved polarization observations at
ifferent wavelengths. 
HL Tau is located in the L1551 dark cloud of the Taurus–

uriga molecular cloud complex (Kenyon, G ́omez & Whitney
008 ). The conventional adopted distance for the cloud complex
s 140 pc (Kenyon et al. 1994 ), but recent advancements in distance
easurement have revealed a significant line of sight depth (Loinard

013 ). Studies utilizing Gaia data have reported distances of 145 pc
Luhman 2018 ) and 146 ± 0.6 pc (Roccatagliata et al. 2020 ).
dditionally, the Very Long Baseline Array yielded a distance of
47.3 ± 0.5 pc (Galli et al. 2018 ). We adopt a distance of 147.3 pc
or HL Tau for consistency with the recent high angular resolution
tudy (Carrasco-Gonz ́alez et al. 2019 ). 

In this paper, we present new polarization observations at Bands
 and 5 using ALMA and Q -Band using the Very Large Array
VLA) to investigate whether the observed transition in polarization
xtends to other wavelengths. We also present a new ALMA Band 7
olarization image with impro v ed angular resolution and reprocessed
revious ALMA Bands 3 and 6 data gathering a final set of images
NRAS 528, 843–862 (2024) 

 Note that, realistic grains are likely irregular and triaxial in general. We use 
rolates and oblates as a simplified representation of the ensemble average of 
he grains with, respectively, their long and short axes aligned systematically. 
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ith comparable angular resolution. By obtaining multiwavelength
olarization images, we aim to confirm the presence of the transition
nd test predictions from optical depth effects (Lin et al. 2022 ).
he paper is organized as follows: In Section 2 , we provide a brief
 v erview of the observations and the data calibration procedure.
ection 3 presents our results, showcasing the polarization properties
f HL Tau at different wavelengths, and we analyse the polarization
cross wavelengths in Section 4 . We discuss the implications of our
esults in Section 5 and summarize in Section 6 . 

 OBSERVATI ONS  

 o date, HL T au has been observed by ALMA at Bands 3 (3.09 mm),
 (2.07 mm), 5 (1.48 mm), 6 (1.29 mm), and 7 (0.87 mm) and by the
LA at Q -band (6.97 mm). Bands 3 (project code: 2016.1.00115.S;
I: Akimasa Kataoka) and 6 (project code: 2016.1.00162.S; PI:
an Stephens) data were first presented in Kataoka et al. ( 2017 )
nd Stephens et al. ( 2017 ), respectively, but we reimaged the
easurement sets after self-calibration. While Band 7 was orig-

nally presented in Stephens et al. ( 2017 ), we used deeper and
igher resolution data from Stephens et al. ( 2023 ) (project code:
019.1.01051.S; PI: Ian Stephens). Table 1 is the observation log
hich lists the rele v ant observ ation settings, including the bandpass,

mplitude, phase, and polarization calibrators. We used the Common
stronomy Software Applications ( CASA ) package for all calibration

nd imaging on the ALMA and VLA data (McMullin et al. 2007 ). 

.1 ALMA obser v ations 

or all the ALMA data presented in this paper, including archi v al
nd new data, we self-calibrated and imaged the data for all 5 bands
o that they would all be imaged in a consistent manner. Before self-
alibration, we re-ran the data through ALMA’s calibration pipeline
sing the ALMA-supplied calibration scripts. These scripts do the
tandard calibration, which includes bandpass, phase, polarization,
nd flux calibration. 

To run the calibration pipeline, we used CASA version 4.7.38335
or Band 3, while for Bands 4, 5, and 7, we used version 6.2.1.7. The
alibrated Band 6 data set was provided by the ALMA Helpdesk staff.
ine removal, self-calibration, and imaging were performed using the
ASA version 6.2.1.7 for all the bands. Every data set of each band
onsists of four 2 GHz spectral windows with 64 channels. The total
f fecti ve bandwidth of each data set is approximately 7.5 GHz. How-
ver, we identified some prominent molecular lines that we remo v ed
hen making the continuum images. While we did not find signifi-

ant line emission in the Band 3 data, we identified the SO(3,4–2,3)
ine at νrest = 138.179 GHz in Band 4. We also identified: CS(4–3)
t νrest = 195.954 GHz in Band 5; CH 3 OH(20, −2,19–19, −3,17) and
 2 CO(3,1,2–2,1,1) at νrest = 224.700 GHz and νrest = 225.698 GHz,

espectively, in Band 6; C 

17 O(3–2), SO 2 (18,4,14–18,3,15),
O(3,3–2,3), CH 3 OH(9,5,5–10,4,6), and SO 2 (5,3–4,2) at νrest =
37.061 GHz, νrest = 338.306 GHz, νrest = 339.342 GHz, νrest =
51.236 GHz, and νrest = 351.257 GHz, respectively, in Band 7. 
We used a similar standard self-calibration procedure for every

and data set. We use TCLEAN for imaging and use the Briggs
obust parameter of 0.5 for each wavelength. The data from every
and went through three rounds of phase-only self-calibration, with
olution intervals infinity , 30.5 and 10.4 s. Final deep cleaning of the
our Stokes parameters using a cleaning mask co v ering the HL Tau
isc area led to signal-to-noise ratios of ∼1200, 890, 1200, 1100,
nd 1300 from Bands 3 to 7, respectively. Table 2 lists the resulting
ynthesized beam sizes. 
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.2 VLA Q -band obser v ations 

e observed HL Tau with the VLA in its B configuration during
hree semesters (Le gac y project code: 19A-388). We completed eight
bservation epochs between May 2019 to September 2021 (2 in 2019,
 in 2020, and 1 in 2021). We used the usual continuum frequency
etup co v ering a frequenc y range 39–47 Hz, and full polarization
ode. In each epoch, the total observing time was 5 h with 2.5 h on

arget. In all epochs, the flux calibrator was 3C147, the bandpass
alibrator was 3C84, and the gain calibrator (observed every 45s) 
as J0431 + 1731. For the calibration of the data, we used CASA and
 modified version of the National Radio Astronomy Observatory 
NRAO) Pipeline which includes polarization calibration after the 
sual gain calibration. For the calibration of the polarization angle, 
e used the known polarization parameters for 3C147, i.e. a polariza-

ion angle of 86 ◦ and a polarization degree of 5.2 per cent (Perley &
utler 2013). We assumed these parameters to be constant across the
 GHz bandwidth of the Q -band observations. For the calibration of
he leakage terms, we used the gain calibrator, J0431 + 1731, which
 as al w ays observed for a wide range of parallactic angles. We

ssumed an unknown polarization for this calibrator and solved for 
t. We checked the consistency of polarization parameters of the 
eakage calibrator at each epoch, and discarded one epoch due to very
if ferent v alues of the polarization angle and polarization degree.
fter initial calibration, we corrected for small shifts in the position
f the source in each epoch. The final, aligned, and concatenated 
ata set contains 17.5 h on target. The final images were made using
CLEAN and a natural weighting. The signal-to-noise ratio of the 
eak I is 210. The resulting synthesized beam size is 0.156 arcsec ×
.143 arcsec (Table 2 ). 

.3 Construction of polarization images 

he basic statistics of the images are recorded in Table 2 . The noise
evels for each Stokes parameter, I , Q , U , and V , are denoted as

I , σ Q , σ U , and σ V , respectively. F ν is the flux density of Stokes I
here we use emission abo v e 3 σ I . We assume a 10 per cent absolute

alibration uncertainty based on the VLA and the ALMA technical 
andbooks, but we ignore it for the rest of the paper. 
In the ideal limit without noise, the linear polarized intensity is

irectly related to Stokes Q and U through: 

 m 

≡
√ 

Q 

2 + U 

2 . (1) 

o we ver, when including noise, equation ( 1 ) results in a positive
ias, because the Stokes Q and U can be positive or negative while
he linear polarized intensity is al w ays positive. 

Following Vaillancourt ( 2006 ) and Hull & Plambeck ( 2015 ), we
e-bias the linear polarized intensity by considering the probability 
ensity function (PDF): 

DF ( P | P m 

, σP ) = 

P 

σ 2 
P 

I 0 

(
P P m 

σ 2 
P 

)
exp 

[
− ( P 

2 
m 

+ P 

2 ) 

2 σ 2 
P 

]
(2) 

hich describes the probability of the true linear polarized intensity 
 given a measured P m and noise level σ P . I 0 is the zeroth-order
odified Bessel function of the first kind. σ P comes from σ Q and 
U which are usually comparable, but we define the noise level of

he linear polarized intensity through 

P = 

√ 

( σ 2 
Q 

+ σ 2 
U ) / 2 (3) 

s an explicit way to account for any slight difference. Thus, we
btain P by finding the maximum of equation ( 2 ). For high signal-
MNRAS 528, 843–862 (2024) 
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M

Table 2. Basic statistics of each image at different bands. Column 1: Name of the wavelength band. Column 2: Representative wavelength of the continuum. 
Columns 3 and 4: the FWHM along the major and minor axes of the beam. Column 5: Position angle (East-of-North) of the beam. Column 6, 7, and 8: The noise 
levels for Stokes IQU , respectively. Column 9: Peak of the Stokes I image. Column 10: Peak of the P image. Column 11: Median of the p image for regions 
with detection. Column 12: F ν is the flux density integrated from emission above 3 σ I . 

Band λ Beam Major Beam Minor Beam PA σ I σQ σU Peak I Peak P Median p F ν

mm arcsec arcsec ◦ μJy beam 

−1 μJy beam 

−1 μJy beam 

−1 mJy beam 

−1 μJy beam 

−1 % mJy 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 

Q 6 .97 0.16 0.14 45 4.9 3.9 4.0 1 .010 17 6 .7 4.94 
3 3 .08 0.43 0.29 −13 21 7.0 7.0 25 .45 144 1 .8 75.0 
4 2 .07 0.21 0.19 −28 31 7.7 7.7 27 .53 186 1 .6 215 
5 1 .48 0.19 0.16 −76 40 12 12 47 .16 360 1 .1 525 
6 1 .29 0.27 0.16 −46 72 15 15 81 .78 590 0 .88 710 
7 0 .872 0.20 0.13 −81 92 25 24 121 .16 740 0 .87 1880 
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o-noise detections ( P m ≥ 5 σ P ), a simple approximation exists: 

 = 

√ 

Q 

2 + U 

2 − σ 2 
P , (4) 

ut we use equation ( 2 ) for P m < 5 σ P . 
The sign of the Stokes parameters follows the IAU convention

Contopoulos & Jappel 1974 ; Hamaker & Bregman 1996 ; Hamaker,
regman & Sault 1996 ). The polarization angle is defined by 

≡ 1 

2 
arctan 

(
U 

Q 

)
(5) 

nd goes East-of-North. We only consider the E-vectors, whose
ngles are defined by equation ( 5 ) and not the B-vectors (rotated by
0 ◦) that are conventionally used to trace the magnetic field assuming
ligned oblate grains. The uncertainty of χ is 

χ = 

1 

2 

σP 

P 

(6) 

Hull & Plambeck 2015 ). 
We further define several convenient quantities. The linear polar-

zation fraction is 

 ≡ P 

I 
. (7) 

n addition, the Stokes Q and U normalized by Stokes I are q ≡
 / I and u ≡ U / I , where we use lowercase to represent quantities of
olarized intensity normalized by Stokes I . 
The uncertainty of p is 

pf = 

P 

I 

√ (
σP 

P 

)2 

+ 

(
σI 

I 

)2 

(8) 

hich is estimated through error propagation. We note that the
LMA technical handbook gives a minimum detectable degree
f polarization, which is defined as three times the systematic
alibration uncertainty, of 0.1 per cent for compact sources within
he inner third of the primary beam. Thus, we use the error of 0.033
er cent whenever the error from equation ( 8 ) is less than this value
or data from ALMA. The uncertainties of q and u are likewise
stimated through error propagation. 

 RESULTS  

.1 Polarization morphology 

ig. 1 shows the polarization images across all six bands. There
xists a consistent transition in the polarization morphology across
he spectrum. Starting from the longest wavelength with Fig. 1 (a),
he VLA Q -Band only marginally detected a few vectors (E-vectors).
NRAS 528, 843–862 (2024) 
lthough there are a few regions with P abo v e 3 σ P in the image, we
nly consider polarization detections where Stokes I is also detected
bo v e 3 σ I . The vector closest to the centre is ∼ 4 per cent and appears
arallel to the disc major axis. The other vectors are ∼ 10 per cent
nd are oriented azimuthally around the centre. 

The image at λ = 3.1 mm (Band 3) shows an azimuthal distribution
f P around a centre of low P with two null points to the East and
est of the centre. The polarization direction ( E -vectors) is oriented

zimuthally around the centre in that the polarization along the major
xis is parallel to the disc minor axis and that along the minor axis is
arallel to the disc major axis. In addition, the polarization fraction
 is larger at larger radii. These characteristics are qualitatively
onsistent with Kataoka et al. ( 2017 ) and Stephens et al. ( 2017 )
here the data originally appeared. The resolution of ∼0.35 arcsec

n this work is similar to that in Kataoka et al. ( 2017 ) which also used
obust = 0.5 and is slightly better than the resolution of ∼0.46 arcsec
n Stephens et al. ( 2017 ) which used robust = 1.0. 

The image at 2.1 mm (Band 4) appears similar to the Band 3
mage in that P is azimuthally distributed around the centre and
he polarization vectors are also directed azimuthally. The main
ifference is that P is slightly separated into two lobes along the
ajor axis of the disc, whereas P at Band 3 appears relatively more

niform. 
The 1.5 mm (Band 5) image shows a more obvious change in

he distribution of P and in the polarization angle. P is clearly
tronger along the major axis than along the minor axis. The two
obes along the major axis are more obvious and a weak link at
he centre emerged, forming a ‘dumbbell’ shape. Along the disc

inor axis, we detect polarization in the northeast (beyond the null
oint) with polarization parallel to the disc major axis, while P at the
orresponding location in the southwest is less well detected. 

At 1.3 mm (Band 6), the image also shows a stronger P along the
ajor axis than along the minor axis, with a prominent dumbbell

hape similar to that at Band 5. Also, the polarization vectors are
learly no longer directed azimuthally like at 3.1 mm. Instead, the
ectors around the north-east edge and the south-west edge appear
ilted towards the disc minor axis. The Band 6 image in this work is
ualitatively similar with Stephens et al. ( 2017 ) where the data orig-
nally appeared, but differs in angular resolution in that the previous
ork used robust = 1.0. We also better detect P in the northeastern
art of the disc minor axis resulting in a reduced null point. 
At 870 μm (Band 7), P is distributed across the disc without any

ull points and the polarization is mostly parallel to the disc minor
xis with slight deviations that resemble the elliptical pattern at
onger wavelengths. The resolution is better than the one in Stephens
t al. ( 2017 ) ( ∼0.39 arcsec). The high-polarization vectors in the
outhwest location in Stephens et al. ( 2017 ) do not appear in the
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(a) (b)

(c) (d)

(e) (f)

Figure 1. Panels a to f show the polarimetric data from the VLA Band Q and ALMA Bands 3, 4, 5, 6, and 7, respectively. In each panel, the colour map 
represents the linear polarized intensity in μJy beam 

−1 . The blue contour traces the 3 σP level, while grey contours show the Stokes I in steps of 3, 10, 25, 
50, 100, 200, 325, 500, 750, and 1000 σ I . The direction of the red line segments represents the polarization angle, while the length of the line segments is 
proportional to the linear polarization fraction. Each line segment samples the image in step sizes equal to the FWHM of the minor axis of the beam. The length 
of 1 per cent polarization is shown in the centre bottom. The black bar to the bottom left shows the 100 au scale. The black ellipse to the bottom right represents 
the synthesized beam. 
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Figure 2. The Stok es IQ U , linear polarized intensity P , and linear polarization per cent p images from the left to right columns. The wavelengths, from the top 
to the bottom row, are VLA Q Band and ALMA Bands 3, 4, 5, 6, and 7. The vertical axis of the image is the direction to the north and increases to the top. The 
horizontal axis is the direction to the east and increases to the left. The line segments on top of the Stokes I images represent the polarization direction and the 
segment length is proportional to p where the scale bar is shown at the bottom. The colour scales of Stokes QU are plotted such that the white corresponds to the 
zero level. The −3 σ and 3 σ levels are marked by blue and red contours, respectively. The synthesized beam is represented as a black ellipse to the lower right 
of each plot. 
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ew image which could suggest a spurious detection. The uniform
olarization morphology across the disc is similar to the polarization
xpected from scattering in an inclined disc (Yang et al. 2016a ). 

.2 Individual polarization quantities 

o allow for a more complete view of the intricate changes across
avelength, Fig. 2 shows Stokes IQU along with P and p . For better

omparison across these observations which were taken at different
ates, we fit a 2D Gaussian to the Stokes I of each band and set
he centre of the fitted 2D Gaussian as the origin of the image. We
se the CASA task IMFIT for the fitting and we use σ I (Table 2 ) as
he input noise level. Table 3 lists the resulting best-fitting value and
ncertainty of the centre, deconvolved major and minor FWHM, and
he position angle. North remains pointing to the top and east points
o the left of the plot. 

Fig. 2 second column shows Stokes Q . Recall that + Q means a
olarization direction that is parallel to the Dec. axis and −Q means a
olarization direction that is parallel to the RA axis (IAU convention;
ontopoulos & Jappel 1974 ). We find that the morphology does not
hange much across the ALMA bands. With respect to the disc
entre, the Stokes Q maps are ne gativ e along the north-south line
NRAS 528, 843–862 (2024) 
nd positive along the east-west line. The level of ne gativ e Stokes
 (in absolute value) compared to the level of positive Stokes Q
ithin the image appear similar at 3.1, 2.1, and 1.5 mm. At 1.3 mm,

he ne gativ e re gion is stronger (in absolute v alue) than the positi ve
egion. At 870 μm, the alternating positive and negative Stokes Q
iffers slightly from Stephens et al. ( 2017 ) which showed a largely
e gativ e re gion across most of the disc. F or the VLA Q Band, the
oint detected to the west is positive and that to the south is ne gativ e,
hich matches the results from the ALMA wavelengths. 
In contrast to Stokes I and Q , Stokes U (Fig. 2 , third column)

learly changes in a rather smooth and consistent manner. Recall
hat + U means a polarization direction that is 45 ◦ East-of-North
nd −U means a polarization direction that is 135 ◦ East-of-North.
tarting at 7.1 mm, the two points detected to the north-east and
outh-west are both ne gativ e. The ne gativ e points match the much
etter detected 3.1 mm Stokes U image, which has ne gativ e Stokes U
egions along the north-east and south-west, while the positive Stokes
 regions are along the north-west and south-east. The positive and
e gativ e re gions are similar in absolute brightness. At 2.1 mm, the
istribution of ne gativ e and positiv e Stokes U is similar to 3.1 mm,
ut the ne gativ e re gion is weaker (in absolute v alue) than the positi ve
egion. A similar trend follows through 1.5 and 1.3 mm until the
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Figure 2. continued 

Table 3. Results from fitting the image with a 2D Gaussian. Column 1: Name of the band. Columns 2 and 3: The RA 

and Dec. of the centre of the 2D Gaussian. Column 4: The deconvolved FWHM along the major axis in mas. Column 
5: The deconvolved FWHM along the minor axis in mas. Column 6: The position angle of the major axis of the 2D 

Gaussian (East-of-North). 

Band ICRS RA ICRS Dec Major Minor PA 

(h m s) (d m s) (mas) (mas) (deg) 
(1) (2) (3) (4) (5) (6) 

Q 04:31:38.429 + 18:13:57.16 325 ± 2 244 ± 2 142 ± 1 
3 04:31:38.428 + 18:13:57.20 606 ± 1 422.0 ± 0.8 140.5 ± 0.2 
4 04:31:38.431 + 18:13:57.12 674.0 ± 0.9 467.9 ± 0.6 138.6 ± 0.1 
5 04:31:38.431 + 18:13:57.12 765.4 ± 0.6 524.7 ± 0.4 137.83 ± 0.09 
6 04:31:38.428 + 18:13:57.22 800.08 ± 0.78 541.6 ± 0.5 137.36 ± 0.09 
7 04:31:38.430 + 18:13:57.14 887.91 ± 0.57 606.3 ± 0.4 137.21 ± 0.07 
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e gativ e re gion becomes absent at 870 μm with positiv e Stokes U
o v ering the whole disc. The gradual change of Stokes U is the
ain reason why the distribution of P and the polarization directions 

hange smoothly and systematically across wavelengths. 
The polarization fraction, p , also changes gradually (Fig. 2 , last

olumn). At 3.1 mm, p is larger away from the centre, as expected
iven the low P at the centre in Fig. 1 (b). In addition, p is largely
zimuthally uniform, varying from ∼ 1 . 7 to 2.5 per cent, with a
lightly larger value along the disc minor axis. At 2.1 mm, p is also
ow at the centre and the azimuthal variation is also not obvious.
rom 1.5 to 0.87 mm, there are two p peaks along the major axis,
hile p appears consistently lower along the minor axis. The median
 from Q Band to Band 7 (Table 2 ) drops monotonically from ∼ 7
o ∼ 0 . 9 per cent . 

The smooth transition of the morphology of the polarization 
irection and p can be explained by optical depth effects of scattering,
ligned grains (Lin et al. 2022 ). At the longer wavelength where the
isc is optically thinner, the polarization is mainly dominated by 
olarization from toroidally aligned prolate grains to produce the 
zimuthally oriented pattern. At shorter wavelengths with larger 
ptical depth, the polarization becomes dominated by scattering 
hich gives a uniform polarization direction parallel to the disc 
MNRAS 528, 843–862 (2024) 
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Figure 3. Schematic of the defined orientation of the disc and the principal 
frame with respect to the plane of sky. � RA and � Dec. (solid arrows) are 
the coordinates in RA and Dec with respect to the disc centre (central cross). 
The principal frame is defined from the x and y coordinates (dashed arrows). 
η is the angle of the x -axis from the � Dec. axis (East-of-North). 
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inor axis. The morphologies of the new Bands 4 and 5 polarization
mages fit surprisingly well with the trend established from the longer
Band 3) and shorter (Bands 6 and 7) wavelength data, indicating that
heir differences are caused by a relatively simple piece of physics,
hich we identify as the optical depth effect. 
Unlike the smooth morphological transitions in the linear po-

arization, Stokes V varies with wavelength more erratically. No
iscernible Stokes V emission was detected in the ALMA data that
xceeded the anticipated levels attributable to instrumental effects.
ince Stokes V is not the focus of this paper, we leave the results in
ppendix A . 

 POLARIZATION  ANALYSIS  

rom Section. 3 , we find a systematic transition of the polarization
ngle from being uniformly parallel to the disc minor axis at the
hortest wavelength to being azimuthally oriented around the centr
t the longest wavelength. To quantify the transition, we follow the
echnique developed efrom Lin et al. ( 2022 ) which disentangles the
zimuthal variation of polarization from a constant component. The
echnique relies on the approximation that scattering mainly produces
 constant polarization due to inclination, thermal polarization
roduces the azimuthal variation, and both quantities add linearly
ased on polarized radiation transfer calculations in a simplified
lane-parallel geometry. 
In the following, Section 4.1 describes a particular reference frame

o analyse the Stokes Q and U in a standardized way. Using Stokes Q
nd U instead of P is beneficial since they retain the information on
oth the level of polarization and the direction. Section 4.2 introduces
he linear decomposition method and measures the spectrum of
he scattering component and thermal component. We also find an
ntriguing asymmetry along the disc minor axis, which we analyse
n Section 4.3 . 

.1 Principal frame view 

tokes Q and U depend on the orientation of the image frame. We
efine an image frame with coordinates x and y , such that the x - and
 -axes are along the disc minor and major ax es, respectiv ely. Since
here is a 180 ◦ ambiguity in the direction of x (and, likewise, y ),
e arbitrarily fix the positive x -direction to the far side of the disc.
he positive y -direction is 90 ◦ (East-of-North) from that. Fig. 3 is a
chematic that shows the x and y coordinates with respect to the disc
inor and major axes. We use the term ‘principal’ frame, since it is

riented along the principal axes (i.e. major and minor axes) of an
nclined axisymmetric disc. 

The Stokes Q 

′ and U 

′ defined in the principal frame (denoted with
 prime) follow the usual definition from the Institute of Electrical
nd Electronics Engineering (IEEE Standard 211, 1969) which is
he basis of the IAU convention (Contopoulos & Jappel 1974 ;
amaker & Bregman 1996 ; Hamaker, Bregman & Sault 1996 ). Let
be the angle in the image plane from the positive x -axis that

ncreases in the counter-clockwise direction (in the same direction
s going East-of-North). Positive Q 

′ is polarization along x ( φ = 0 ◦)
nd positive U 

′ is polarization along the bisectrix of the positive x -
nd y -axes ( φ = 45 ◦). Note that, the coordinate system is different
rom the definition adopted in Lin et al. ( 2022 ), and we provide
he deri v ation of the principal frame that strictly follo ws the IEEE
efinition. This frame is moti v ated by the fact that the scattering of
n inclined disc largely produces unidirectional polarization parallel
o the disc minor axis, which would show as positive Stokes Q 

′ and
ero Stokes U 

′ . 
NRAS 528, 843–862 (2024) 
Under this definition, Stokes Q 

′ and U 

′ are related to the Stokes Q
nd U in the original sky frame with a simple rotation. We use � RA
nd � Dec. as the coordinates in the original sky frame with respect to
he centre of the disc. Fig. 3 also shows the relation between the sky
rame to the principal frame. In the sky frame, let η be the position
ngle (East-of-North) of the minor axis of the disc that corresponds to
he far side (i.e. the positive direction of the x -axis). The coordinates
n the principal frame are related to the sky frame by 

x 

y 

)
= 

(
cos η sin η

− sin η cos η

)(
� Dec 
� RA 

)
. (9) 

he Stokes Q and U in the sky frame are related to the Stokes Q 

′ and
 

′ of the principal frame by 

Q 

′ 

U 

′ 

)
= 

(
cos 2 η sin 2 η

− sin 2 η cos 2 η

)(
Q 

U 

)
. (10) 

The definition of η is different from the position angle of the disc
ajor axis that is usually reported. The position angle of the disc
ajor axis is 138.02 ◦ based on high angular resolution images from
LMA Partnership et al. ( 2015 ). The far side of the disc is to the
orth-east since the outflow direction is blueshifted to the north-east
nd redshifted to the south-west (ALMA Partnership et al. 2015 ; Yen
t al. 2017 ). Thus, we have η = 48.02 ◦. 

Stokes Q 

′ and U 

′ images are shown in Fig. 4 . For direct compari-
on, we also show Stokes I in the principal frame, which is equal to
tokes I in value but simply rotated. We can easily understand the
ultiwavelength transition in this frame (at least for the well-detected
LMA images). Across wavelength, from Band 3 (3.1 mm) to Band
 (870 μm), Stokes Q 

′ shifts from a petal pattern with alternating
igns in each quadrant to an image that is entirely positive. Stokes
 

′ is mostly zero along the principal axes and the petal pattern with
lternating signs does not change with wavelength as Stokes Q 

′ does.
ote that, Stokes Q and U images (Fig. 2 ) appear ‘swapped’ with
tokes Q 

′ and U 

′ images (Fig. 4 ) only because η for HL Tau happens
o be near 45 ◦ and is not generally true for different discs. 
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Figure 4. Stokes I , Q 

′ , and U 

′ at each band where Q 

′ and U 

′ are Stokes Q 

and U rotated to the principal frame. I , Q 

′ , and U 

′ images go left to right, 
while bands Q, 3, 4, 5, 6, and 7 go from the top to the bottom row. The 
vertical axis ( x -axis) of the image is along the disc minor axis with x > 0 
defined to be along the far side. The horizontal axis ( y -axis) is along the disc 
major axis. The line segments on top of the Stokes I images represent the 
polarization direction and the segment length is proportional to p where the 
scale bar is shown at the bottom. The colour scales of Stokes Q 

′ and U 

′ are 
plotted such that the white corresponds to the zero level. The −3 σ and 3 σ
levels are marked by blue and red contours, respectively. The synthesized 
beam is represented as a black ellipse to the lower right of each plot. 
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.2 Linear decomposition 

.2.1 Methodology 

olving the polarized radiation transfer equation including polarized 
hermal emission and scattering of elongated grains self-consistently 
s notoriously challenging (e.g. Steinacker, Baes & Gordon 2013 ). 
evertheless, as demonstrated by Lin et al. ( 2022 ), the problem

implifies significantly in a plane-parallel slab. Since the dust layer 
esponsible for the HL Tau (sub)millimeter continuum is geometri- 
ally thin (Pinte et al. 2016 ), one can approximate each local patch
f the dust disc as a plane-parallel slab. 
In addition, Lin et al. ( 2022 ) found that, when the optical depth

s less than of order unity, the polarization fraction is approximately
 linear addition of polarization due to thermal emission of the
longated grain without scattering and polarization due to scattering 
f a volume-equi v alent sphere when the shape of the grain is
early spherical. When the optical depth is large, the resulting 
olarization fraction is largely determined by scattering alone. The 
pproximation enables us to sidestep complications arising from 

he full disc geometry and (uncertain) grain opacities and directly 
stimate the contributions from scattering and thermal emission from 

he azimuthal variation. We limit the model to the ALMA Bands since 
he polarization is better detected around the full azimuth. 

F or clarity, we pro vide the essential deri v ation with the appropriate
onvention adopted in this work (see Lin et al. 2022 for the
riginal deri v ation). Assuming a prolate grain in the dipole limit, the
olarization purely from thermal emission is (Lee & Draine 1985 ;
ang et al. 2016b ): 

( θg ) = 

p 0 sin 2 θg 

1 − p 0 cos 2 θg 
≈ p 0 sin 2 θg (11) 

here θg is the viewing angle from the axis of symmetry of the grain
 θg = 0 ◦ means the grain is seen pole-on). Recall that the use of
 lowercase refers to a quantity that is related to the polarization
raction (normalized by I ). We define p 0 as the intrinsic polarization,
hich is the polarization of the grain seen edge-on ( θg = 90 ◦) and is

he maximum polarization possible just from the shape if the grains
re perfectly aligned in the same direction 2 . The approximation to
he right-hand-side of equation ( 11 ) applies because p 0 � 1. 

Since HL Tau is a relatively evolved source without a massive
nvelope that can significantly modify the disc polarization, we 
onsider only the emission and extinction by the grains in the
isc. Dichroic extinction attenuates the polarization as optical depth 
ncreases (e.g. Hildebrand et al. 2000 ; Lin et al. 2022 ). Since p 0 �
, the resulting polarization remains ∝ p 0 sin 2 θg , so we express the
hermal polarization as 

 p ( θg ) = t sin 2 θg (12) 

here t is p 0 attenuated by optical depth. The explicit dependence 
f t on optical depth can be complicated and is beyond the scope
f this paper, but the usefulness of equation ( 12 ) is in separating
he optical depth attenuation part from the part that only depends
n the viewing angle (which gives the azimuthal variation as we see
elow). We should note that the parameter t can, in principle, be
e gativ e, which happens when the dichroic extinction polarization 
 v erwhelms the emission polarization and flips the polarization 
rientation by 90 ◦. Ho we ver, for a dust layer in the disc, a significant
MNRAS 528, 843–862 (2024) 

 In general, p 0 can also depend on the degree of alignment (e.g. Lee & 

raine 1985 ) and potential variation of the alignment orientation at different 
ocations along the line of sight, in addition to the grain shape. 
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Figure 5. Schematic of a disc with toroidally aligned prolate grains in 
relation to the observer. The X- and Y -axes form the disc mid-plane and 
Z is the rotation axis of the disc. i is the inclination to the observer. n is the 
direction to the observer, and the x - and y -axes form the principal frame. � is 
the azimuthal angle in the disc mid-plane. The orange prolates represent the 
aligned grains. 
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3 We direct the reader to Lin et al. ( 2022 ) to see the effects of optical depth for 
scattering aligned grains. Note that, it is also possible that p 0 may increase with 
increasing wavelength, particularly when the grain size parameter decreases 
from the Mie regime to the Rayleigh regime (Kirchschlager, Bertrang & Flock 
2019 ). F or e xample, Chau Giang & Hoang ( 2023 ) showed that the average 
polarization fraction on the 100 au disc scale is higher at a longer wavelength 
for their cases with a relatively large number of superparamagnetic (iron) 
inclusions and relatively large maximum grain size; see their fig. D1). 
Ho we ver, from the figure, the fraction of the increase that comes from the 
intrinsic polarization fraction p 0 or the optical depth ef fects, respecti vely, is 
unclear. The parameter t in equation ( 12 ) captures both effects, which cannot 
be easily separated using the current observation data. 
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emperature gradient along the line of sight through the layer is
equired to produce the 90 ◦ polarization flip by extinction (e.g.
ang et al. 2017 ; Lin et al. 2020a ). Since the relatively large
rains responsible for the (sub)mm continuum emission in the HL
au disc are known to have settled to a thin layer near the mid-
lane (e.g. Kwon, Looney & Mundy 2011 ; Pinte et al. 2016 ), little
emperature variation is expected along the sightline through the
ust layer. In this case, the polarization fraction of the dust thermal
mission will decrease monotonically with increasing optical depth,
nd its orientation will not flip by 90 ◦ as the optical depth increases
consistent with the positive values of the parameter t obtained from
tting the observation data in Section 4.2.2 below). 
Next, we consider an inclined axisymmetric disc demonstrated in

ig. 5 . Let Z be the rotation axis of the disc and n be a unit vector
irected to the observer. The inclination i is the angle between Z and
 . X and Y are axes in the disc mid-plane such that X is coplanar to
 and n . We define � as the azimuthal angle in the disc mid-plane
rom the X -axis without loss of generality since the disc is assumed
o be axisymmetric. The alignment axes of the prolate grains are
n the disc mid-plane and in the azimuthal direction. Based on the
efinition of the principal frame in Section 4.1 , x is in the XZ -plane.
 or conv enience, we define φ as the azimuthal angle in the image
lane from the x -axis. 
Let q ′ ≡ Q 

′ / I and u ′ ≡ U 

′ / I (i.e. normalized Q 

′ and U 

′ in the
rincipal frame). Depending on the location along the azimuth, the
ie wing angle θg v aries and gi ves the azimuthal v ariation seen in the
mage. Contribution to q ′ and u ′ from thermal emission is given in
ppendix B . The polarization from the scattering component, which
e denote as s , is largely constant of azimuth and only contributes

o q ′ since the inclination-induced polarization is al w ays parallel to
he disc minor axis. Adding the thermal component and scattering
omponent together, we get 

 

′ = s + t( cos 2 i sin 2 � − cos 2 � ) (13) 

 

′ = −t cos i sin 2 � (14) 

see Appendix B for details). 
NRAS 528, 843–862 (2024) 
Using equation ( 13 ) and ( 14 ), we fit the azimuthal profile of q ′ 

nd u ′ , respectively, at 100 au first for each ALMA band. We exclude
he Q -band data because the polarization detections lack enough
zimuthal co v erage and, in addition, the low signal-to-noise does not
ermit reliable results. The chosen radius is ∼2 beams away from
he centre for the Band 3 image, which has the poorest resolution, to

inimize the effects of beam conv olution, b ut is also within a range
ith enough signal-to-noise for all five bands. We conduct the same
rocess for other radii below. Sampling the azimuthal profile uses
teps equal to the geometric average of the beam size. 

We use EMCEE , a Monte Carlo Markov Chain sampling code
F oreman-Macke y et al. 2013 ), to find the best-fitting values and
ncertainties of s and t at each wavelength. We use 32 w alk ers and
 total of 2500 steps. We ignore the first 500 steps to obtain the
osterior probability distribution. Modifying the walking parameters
oes not significantly change the results. The best-fitting values are
etermined from the median of the marginalized distribution, and the
 σ uncertainties use the 16th and 84th percentile. We show the two-
imensional posterior probability distribution derived from EMCEE

n Appendix C . 

.2.2 Results 

ig. 6 shows the best-fitting curve of the model compared to the
ampled observational data points for the high signal-to-noise ALMA
bservations. We find that the linear decomposition model describes
ll five bands, in both q ′ and u ′ , remarkably well considering the
implicity of the model. While this was already shown for the same
ands 3 and 6 data with just a difference in the self-calibration
nd imaging procedure (Lin et al. 2022 ), it is reassuring to see that
he new Bands 4, 5, and 7 data follow the same pattern, which
dds weight to the validity of the simple decomposition technique.
ntriguingly, q ′ of the near side ( � ∈ [90 ◦, 270 ◦]) appears slightly,
ut systematically larger than the best-fitting model, while q ′ of the
ar side ( � ∈ [ −90 ◦, 90 ◦]) appears systematically lower, indicating
nother, more secondary effect is also at play. We discuss the near-far
ide asymmetry in Section 4.3 . 

Fig. 7 a shows the best-fitting s and t as a function of wavelength
ncluding the uncertainties estimated from EMCEE . Evidently, the
ontribution from thermal polarization, t , monotonically increases
ith increasing wavelength. The behaviour is consistent with what
e expect from a decrease in optical depth as the dust opacity
ecreases towards longer wavelengths (Hildebrand et al. 2000 ;
ang et al. 2017 ). 3 Indeed, previous studies have found that the
ptical depth decreases towards longer wavelength (Pinte et al. 2016 ;
arrasco-Gonz ́alez et al. 2019 ). 
The contribution from scattering, s , slowly decreases with increas-

ng wavelength in general with the exception of s at λ = 1.5 mm
Band 5) which appears slightly larger than s at λ = 1.3 mm (Band
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Figure 6. The azimuthal variation of q ′ and u ′ (left and right columns) for each ALMA Band (from top to bottom). The data are shown in black dots with error 
bars corresponding to the statistical uncertainty. The green curves are the best-fitting model curves, and the green horizontal dashed curve in the left panels is 
the best-fitting s component. The black horizontal dotted curve is the zero line. � is plotted from −90 ◦ to 270 ◦ to better see the complete near and far sides. 
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). To describe the spectrum of the scattering component, we fit
 power law in the form of a ( λ/1mm) b . We again use EMCEE and
btain a ∼ 0.796 ± 0.016 per cent and b ∼ −0.26 ± 0.06. The two-
imensional posterior distribution is also included in Appendix C . 
he o v erall decrease of s (ne gativ e b ) is what we e xpect due to
ecreasing optical depth. How slowly s decreases may depend on 
he optical depth, opacity index, grain size, and porosity which we 
iscuss in Section 5 . 
The slight increase of s at Band 5 could be due to the maximized

cattering (inclination-induced) polarization when the optical depth 
s of order unity (Yang et al. 2017 ; Lin et al. 2022 ). Multiwavelength
ontinuum ray-tracing from Pinte et al. ( 2016 ) showed that, at a
adius of 100 au, the optical depths at Band 3 (2.9 mm) and 6
1.3 mm) are ∼0.4 and 0.3, respectively, though the modelling did 
ot consider scattering. Nevertheless, including scattering, Carrasco- 
onz ́alez et al. ( 2019 ) obtained optical depths of ∼1 and ∼3 at
ands 4 (2.1 mm) and 6 (1.3 mm), respectively, at the same radius.
and 5 (1.5 mm), being in between the wavelengths considered in
he previous two studies, appears likely to have an optical depth
ecessary to maximize the inclination-induced polarization. 
We note that when comparing properties across wavelengths, it is 

referable to use the same spatial resolution. Thus, we conduct the
ame procedure at the same radius, but with all the data convolved
o the same resulting beam size using the CASA IMSMOOTH task. We
se the beam size from Band 3 which is the largest among the five
ands. 
The resulting s -spectrum (Fig. 7 b) is comparable to the orig-

nal profile, which is reasonable since scattering polarization is 
argely unidirectional and the averaging effects from a moderately 
arger beam will not introduce significant cancellations. Indeed, 
y fitting the s spectrum, we get a = 0 . 831 ± 0 . 016 per cent , b =
0.17 ± 0.05, which is comparable to the values obtained in the pre-

ious case. The resulting t -spectrum (Fig. 7 a) remains monotonically
ncreasing with wavelength and does not change significantly from 
MNRAS 528, 843–862 (2024) 
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(a) (b)

Figure 7. The spectrum of s and t : s is the level of polarization from scattering, while t is the intrinsic polarization from aligned grains attenuated by optical 
depth. Panel (a): The results from fitting the data at their native resolution. Panel (b): The results from fitting the data after convolving Bands 4 to 7 with smaller 
beam sizes to the Band 3 beam size. The blue and orange curves are s and t , while the shaded regions represent the 1 σ uncertainty from the fit. The dashed line 
is the best-fitting power-law curve to the s spectrum. 
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ig. 7 a) Ho we ver, the slight drop in t (most clearly seen at Band 4)
fter convolution is because of the beam cancellation of its azimuthal
olarization. 
We conduct the same process at each radius to obtain the radial

ependence of s and t at each wavelength. To maximize the benefits
f the high angular resolution, we fit the azimuthal profile at the
mages with their original resolution. The minimum radius is chosen
uch that we have at least eight points to fit the sinusoidal curve. The
aximum radius cuts off where there is not enough 3 σ detection

round the azimuth. 
Fig. 8 shows the resulting s and t as a function of radius. For each

avelength, s appears largely constant with radius though there is a
int of stronger s at inner radii. Ho we ver, there is a large scatter and
here are no obvious coherent radial changes across wavelengths. On
he other hand, the radial profiles of t appear to share a few features
cross wavelengths. The drop towards the inner radius ( < 50 au)
s likely due to beam averaging which artificially decreases the
zimuthal variation from thermal polarization by aligned grains. For
ands 4 to 7, t appears to peak at r ∼ 70 au and drop to a minimum
t r ∼90 au. t of Band 3 does not share a similar variation due to the
uch larger beam size. The consistent variation between Bands 4 to
 is likely due to the underlying substructure. The peak at r ∼ 70 au
ppears to coincide with the two close and deepest gaps at 68 and
8 au (ALMA Partnership et al. 2015 ). The minimum at r ∼ 90 au
oincides with the ring at 86 au. t reaches a peak in the low surface
ensity region and becomes a minimum in the high-surface density,
hich is what we expect from optical depth effects of polarization

rom aligned grains (Hildebrand et al. 2000 ). 

.3 Near-far side asymmetry 

rom Section 4.2 , there appears to be an asymmetry between the near
ide and far sides of the disc which we explore in this section. The
symmetry is visually evident from the Stokes Q 

′ image in Fig. 4
second column) and also from P in Fig. 2 . 
NRAS 528, 843–862 (2024) 
To make a direct comparison, we use a cut along the disc minor
xis. The cut uses a slit along the minor axis with a finite width equal
o the beam size and averages the Stokes parameters in the principal
rame along the width. To see the difference between the Stokes I of
he near and far sides, we define the fractional difference, f , as the
atio between the difference of Stokes I in the near and far sides to
heir average 

 ≡ I near − I far 

( I near + I far ) / 2 
(15) 

here I near and I far are the Stokes I along the near side and far
ide, respectively. The uncertainty of f is estimated through error
ropagation. In the principal frame, P is well represented by Stokes
 

′ , since Stokes U 

′ is ∼0 and using Stokes Q 

′ retains the sign to
epresent the direction of polarization. Likewise, we show q ′ which
ully represents the polarization fraction while retaining the direction
f polarization. 
Fig. 9 shows that the Stokes I appears rather symmetric across the

isc minor axis from Bands 3 to 7 (Fig. 9 , first column). The fractional
ifferences are ∼ 5 per cent across bands based on f (Fig. 9 , fourth
olumn). In contrast, Stokes Q 

′ is visibly asymmetric and, in most
ases, the Stokes Q 

′ of the near side is greater than the Stokes Q 

′ of
he far side. Specifically, we can see this case at r > 25 au for Band
 (Fig. 9 b), at r > 50 au for Band 4 (Fig. 9 g), at 50 < r < 80 au for
and 5 (Fig. 9 l), at r < 80 au for Band 6 (Fig. 9 r), and at r > 40 au

or Band 7 (Fig. 9 w). In fact, the only region where the Stokes Q 

′ of
he near side is less than that of the far side is at r < 50 for Band 4
Fig. 9 f). 

The symmetric Stokes I and asymmetric Stokes Q 

′ results in q ′ with
imilar regions of asymmetry as Stokes Q 

′ . The rightmost column of
ig. 9 shows the difference between the near side q ′ and the far side q ′ .
ote that, this is not the fractional difference, like that used for Stokes

 . At small radii, the difference is small and largely consistent with
o difference. At regions with more confident detection, r ∼ 70 au,
he near side q ′ is larger than the far side q ′ by ∼ 0 . 3 per cent across
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(a)

(b)

Figure 8. The radial profiles of s (panel a) and t (panel b) in units of per cent 
compared across bands. The shaded region corresponds to the 1 σ uncertainty 
from the fit. The horizontal lines correspond to the beam FWHM projected 
along the disc minor axis and the colours match the legend. The shaded 
vertical bars mark the particularly deep gaps at 68 and 78 au. 
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ands. At even larger radii, the difference increases to ∼ 1 per cent , 
ut with less certainty. 

No asymmetry along the minor axis was found in Stephens et al.
 2017 ) for Band 7. Ho we ver, the presented Band 7 with better
ngular resolution may have made it easier to detect. In addition, 
he consistent offset across wavelengths strengthens the case that 
he asymmetry is real. We discuss the origin of the near-far side
symmetry in Section 5.3 . 
.4 Q -Band consistency with toroidally aligned grains 

sing the longest wavelength, VLA Q -band data, we check if the
olarization angles, χ , are consistent with toroidally aligned prolate 
rains. Table 4 lists the measurements of each detected polarization 
ector, like the spatial location, χ , and σχ . Following Sections 4.1
nd 4.2 , we can deproject the location of the detected vectors and
erive the expected χ from toroidally aligned prolate grains. We use 
quations ( 13 ) and ( 14 ), but assume s = 0 to derive the χ in the
rincipal frame and rotate it to the sky frame. 
Fig. 10 shows the Q -Band polarization image compared to the

xpected polarization direction. The differences with the observed 
normalized by the σχ are 0.5, -0.4, 0.4, and 0.08, which means

he observed χ are consistent with toroidally aligned prolate grains. 
n addition, the probability for random noise to have 4 points within
1 σχ of the expected polarization direction is � 

4 
i= 1 2 σχ,i / 180 ◦ ∼

 × 10 −5 , where σχ , i represents the σχ of the i th detection. Thus,
he detections are unlikely due to random noise. 

From the deprojected locations, we can estimate the level of t using
he observed p . We find that the values are 4 . 1 ± 0 . 9 per cent , 9 ±
 per cent , 15 ± 5 per cent , and 10 ± 3 per cent (Table 4 ) where the
ncertainty is from error propagation with only the uncertainty from 

 . When calculating p , we did not remo v e the free–free component
s was done in Carrasco-Gonz ́alez et al. ( 2019 ) because the free–
ree emission is only within the central ∼40 mas and the polarization
etections are at least ∼1 beam (0.15 arcsec) away from the centre.
hus, the detected vectors are unlikely contaminated by free–free 
mission. Note that, a polarization fraction of order 10 per cent is
ather high but not unheard of. For example, it is comparable to the
.1-mm dust continuum polarization of the NGC1333 IRAS4A1 disc 
see fig. 2 of Cox et al. 2015 , left panel). 

From the single vector along the disc minor axis with ne gativ e
 

′ and q ′ ∼ 4 per cent (Fig. 4 ), we find t ∼ 4 per cent since the
rolate grain is viewed edge-on ( θg = 90 ◦). The value is greater
han t measured from Band 3, which fits the expectation if Band 3 is
ptically thicker than at Q Band. Ho we v er, that particular v ector can
e contaminated by scattering, which gives positive Q 

′ , or artificially
iminished due to beam averaging effects since the vector is located
ear the centre. On the other hand, the two vectors located to the south
nd to the west of the centre (Fig. 10 ) are at least one beam away from
he centre making it less susceptible to beam averaging. Deprojecting 
he vectors to obtain t gives much higher ∼ 10 and 15 per cent. Given
hat the disc is likely optically thin (Carrasco-Gonz ́alez et al. 2016 ,
019 ), we estimate that the intrinsic polarization of grains, p 0 , should
e comparable. The value is unlikely diminished due to scattering 
ecause the polarization is detected in Stokes U 

′ (Fig. 4 , third column)
here scattering contributes less. p 0 of > 10 per cent is much higher

han the 2 per cent inferred from the ALMA wavelengths (Lin et al.
022 ) which could be due to the disc being optically thicker at
and 3 (Carrasco-Gonz ́alez et al. 2016 , 2019 ). We suspect that the

ntrinsic level of polarization for grains may be a lot higher than
hat derived from low angular resolution polarization observations 
t the current ALMA bands. Particularly, the estimated value may 
e consistent with the inferred p 0 from the gaps resolved by high
ngular resolution polarization at Band 7 (Stephens et al. 2023 ).
oncrete conclusions for the true p 0 of grains require higher angular

esolution images and/or better data at long wavelengths which is 
ossible from longer VLA integration times, ALMA Band 1 once its
olarization capability becomes available, or the ngVLA. 
MNRAS 528, 843–862 (2024) 
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Figure 9. The profiles along the disc minor axis from the left column to the right column are Stokes I , Q 

′ , q ′ , f, and the difference in q ′ . The top to bottom rows 
are from Bands 3 to 7. The shaded region represents the uncertainty. The horizontal axis is the deprojected radius in au. The horizontal black line segment to the 
lower left in the first column is the deprojected beam FWHM. 

Table 4. Properties of the detected polarization values at Q Band. Columns 1 and 2: The RA and Dec. relative to the adopted centre of the disc, respectively. 
Columns 3 and 4: The Stokes I and P . Column 5: The signal-to-noise ratio of P . Columns 6 and 7: The polarization fraction and the uncertainty. Columns 8 
and 9: The polarization angle and its uncertainty. Column 10: The observed χ with respect to the model χ in units of σχ . Columns 11 and 12: The expected 
intrinsic polarization t of the grain after deprojection of p and its uncertainty, respectively. 

� RA � Dec. I P P SNR p σ pf χ σχ �χ t σ t 

arcsec arcsec mJy beam 

−1 μJy beam 

−1 % % 

◦ ◦ σχ % % 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 

−0.093 − 0 .090 0.417 17 4.3 4.0 0.9 140 7 0 .46 4.1 0.9 
0.112 0 .195 0.154 14 3.5 9 3 126 8 − 0 .43 9 3 
−0.256 0 .096 0.128 13 3.3 10 3 3 9 0 .36 15 5 
0.022 − 0 .238 0.182 13 3.4 7 2 107 9 0 .08 10 3 
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 DISCUSSION  

.1 Grain structure 

ur main result is that the new ALMA images at Bands 4, 5, and
 and the VLA Q -band image are consistent with scattering of
rains that are ef fecti vely prolate and toroidally aligned. This is
n line with previous work using just Bands 3, 6, and 7 (Yang et al.
019 ; Mori & Kataoka 2021 ; Lin et al. 2022 ). The evidence comes
rom the increasing azimuthal variation and the decreasing constant
NRAS 528, 843–862 (2024) 

o  
omponent from the ALMA Bands as the wavelength increases from
.87 to 3.1 mm (Section 4.2 ). Though the few marginally detected
olarization vectors at the Q band prohibit analysis of the azimuthal
ariation, the polarization angles are consistent with the toroidally
ligned prolate grains in the optically thin limit as predicted in Lin
t al. ( 2022 ). From these results, we discuss the implications of the
rain structure. 
Past studies of HL Tau using (sub)millimeter multiwavelength

tokes I images require large, mm-sized grains by constraining the
pacity index β ∼ 1 (Kwon, Looney & Mundy 2011 ; Kwon et al.
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Figure 10. Comparison between the observed polarization direction (red 
vectors) and the expected polarization direction from toroidally aligned 
prolate grains (yellow vectors). The lengths are made to match the observed 
p and only the polarization direction should be compared. The colour map is 
P and the grey contours are the Stokes I in steps of 3, 10, 30, 100, 300, and 
1000 σ I . 
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015 ). Even after accounting for scattering and optical depth effects, 
arrasco-Gonz ́alez et al. ( 2019 ) used resolved ALMA and VLA
bservations and inferred ∼1 mm grains. The grain size is in tension
ith that inferred from polarization studies, which limits the grain 

ize to ∼100 μm (e.g. Kataoka et al. 2016a ; Yang et al. 2016a ). 
In Section 4.2 , we measured the s -spectrum for the ALMA Bands,

hich traces the ef fecti ve contribution from scattering as a function
f wavelength. At face value, s falls approximately as ∝ λ−0.2 . The
eak dependence on λ across 0.87 to 3.1 mm is difficult to explain

n the simplest case of Rayleigh scattering by small grains, where 
he scattering polarization efficiency drops much more steeply with 
ncreasing wavelength in the optically thin limit. Ho we ver, this
iscrepancy can potentially be alleviated by several effects, including 
he optical depth effects (Lin et al. 2020b , 2022 ), differential vertical
ust settling of grains of different sizes (Ueda et al. 2021 , Harrison
t al. under re vie w), and dif ferential radial concentration of grains of
ifferent sizes in disc substructures (e.g. rings and gaps) that remain 
nresolved in the polarization data modeled in this paper. 
Irregularity of grain structure has been shown to alleviate the 

ension between the grain sizes inferred from scattering-induced 
olarization and those from the spectral index (e.g. Shen, Draine & 

ohnson 2008 , 2009 ; Tazaki et al. 2019 ; Mu ̃ noz et al. 2021 ; Lin
t al. 2023 ). Indeed, Zhang et al. ( 2023 ) simultaneously modelled
he Stokes I and the weak λ dependence of polarization of HL Tau
ssuming porous grains and found that the grains can be greater than
 mm depending on the porosity. 
Aside from the scattering behaviour, the lack of any flip in 

he underlying thermal polarization direction from aligned grains 
rom 870 μm to 7 mm also constrains the grain structure. Compact
longated grains produce thermal polarization following the direction 
long the projected long axis when λ is much larger than grain size
 , or more specifically when λ > 2 πa (Rayleigh regime). Ho we ver,
hen λ is comparable to 2 πa (Mie regime), the (thermal) polarization 
irection can flip, i.e. change by 90 ◦, and become perpendicular to the
rojected long axis (Kirchschlager, Bertrang & Flock 2019 ; Guillet 
t al. 2020 ). At face value, the lack of an y flip, ev en at our shortest
avelength band, implies that the grain size should be smaller than
140 μm. Ho we ver, as mentioned earlier, it is difficult for such a

mall grain size to explain the weak λ dependence of the s -spectrum
n the simplest case of compact spherical grains in the optically
hin limit or the level of Stokes I and P at the VLA wavelengths
see also Ohashi et al. 2020 ), although the VLA emission is more
oncentrated towards the inner disc where the dust population could 
e different from the outer disc where most of the polarization vectors 
re detected at longer wavelengths. 

We should note that, although large (mm-sized) porous grains 
ave the potential to explain the relatively shallow λ–dependence of 
he inferred scattering polarization efficiency and the 7 mm emission 
nd polarization observed in the inner disc, they may violate the
ipole approximation, equation ( 11 ), that was used to derive the
zimuthal variation of the thermal component of polarization. The 
xtent to which the linear decomposition analysis applies to such 
rains is unclear. Future efforts to incorporate such grains into 
etailed modeling for comparison with the multiwavelength Stokes 
 and polarization data will be valuable. 

.2 Implications on grain alignment in discs 

ur results add to the growing picture of disc polarization caused
y ef fecti vely prolate grains that are aligned toroidally . Currently ,
e do not have a natural explanation for why grains in the disc
ehave in this manner. The current RAT alignment paradigm requires 
he grains to first achieve ‘internal’ alignment and then achieve 
external’ alignment. Internal alignment occurs when the internal 
issipation of energy in a grain aligns the axis of the largest
oment of inertia to the grain’s angular momentum direction through 
arnett relaxation (Purcell 1979 ), nuclear relaxation (Lazarian & 

raine 1999 ), or inelastic relaxation (e.g. Purcell 1979 ; Lazarian &
froimsky 1999 ; Hoang & Lazarian 2009 ; Hoang et al. 2022 ).
xternal alignment refers to the alignment of the angular momentum 

o a particular direction in space, like the magnetic field (e.g. Draine &
eingartner 1996 , 1997 ; Lazarian & Hoang 2007a ), radiation field

e.g. Lazarian & Hoang 2007a ), or gas flow (e.g Lazarian & Hoang
007b ; Reissl, Meehan & Klessen 2023 ). 
The requirement that the polarization-producing grains are effec- 

ively prolate indicates that such grains are not internally aligned 
ith their spin axes along the axis of the largest moment of

nertia; otherwise, the spin would make them ef fecti vely oblate
hen ensemble-averaged. The lack of internal alignment may not 
e too surprising, especially since large grains of more than ∼10 μm
in typical densities of protoplanetary discs) have slow internal 
elaxation that is much longer than the gas randomization timescale, 
aking internal alignment difficult (Hoang & Lazarian 2009 ). 
Why the ef fecti vely prolate grains align with their long axes

zimuthally remains a mystery. The Gold mechanism is particularly 
nteresting since the grains should have their long axes aligned to the
irection of the dust drift with respect to the gas (e.g. Gold 1952 ;
azarian 1994 ). The inferred azimuthal alignment direction would 
uggest dust drift in the azimuthal direction for HL Tau (Yang et al.
019 ). Ho we ver, the Gold mechanism requires supersonic speeds,
hich is not applicable for a protoplanetary disc (Purcell 1979 ;
akeuchi & Lin 2002 ). 
Another possibility is through the so-called wrong alignment 

here the grain’s long axis is aligned parallel to the spin axis
ue to slow internal relaxation (Hoang & Lazarian 2009 ; Hoang,
inh Phan & Tram 2023 ). If the grains contain enough superpara-
agnetic inclusions, they could, in principle, be aligned with their 

ong axes along a toroidal magnetic field, which would produce 
MNRAS 528, 843–862 (2024) 
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he desired grain alignment to explain the observed polarization
attern. Whether the scenario works in practice remains to be
etermined. 

.3 What can produce the near-far side asymmetry? 

ection 4.3 explored the near-far side asymmetry seen in HL Tau.
s mentioned in Section 4.1 , the far side of the disc is independently
etermined from the outflow direction. Thus, we discuss if the near-
ar side asymmetry matches the expected asymmetry from dust
cattering of an axisymmetric disc that is inclined, optically thick, and
ertically thick (Yang et al. 2017 ; Lin et al. 2023 ). The model predicts
hat along the disc minor axis, P and p should both be stronger along
he near side than the far side with the polarization direction parallel
o the disc minor axis (i.e, positive Q 

′ and q ′ following our notation)
n the optically thick regions. In translucent regions (optical depth
f order unity; such as in the outer disc regions), the polarization
irection changes by 90 ◦ to make Q 

′ ne gativ e, but the near side Q 

′ 

emains more positive than the far side. The asymmetry disappears
t larger radii in the optically thin limit. The polarization asymmetry
rom the data (except the inner regions of Band 4) appears to match
he model expectation overall. The ∼ 0 . 3 per cent difference of q ′ 

Fig. 9 , 5th column) is also comparable to the model predicted
0 . 5 per cent depending on the vertical thickness of the disc (Lin

t al. 2023 ). 
For Stokes I , the model predicts that the asymmetry should be

tronger along the far side than the near side and disappear as the
isc becomes optically thin at the outer radii. This is mostly the case
or Bands 3 to 7 within 50 au as seen from the ne gativ e f (Fig. 9 ,
th column). The f ∼ −5 per cent for the better resolved Bands 4
o 7 also appears similar to the model predictions depending on the
ertical thickness of the disc (Lin et al. 2023 ). Ho we ver, between 50
o 100 au, the Stokes I becomes stronger in the near side as seen from
he positive f which is not expected from the model. 

One possibility to produce a near side with stronger Stokes I is
f the scattering grains have strong forward scattering (Tazaki et al.
019 ; Lin et al. 2023 ). Strong forward scattering of grains occurs
hen the grain size is comparable to or larger than the wavelength
f the scattering light. In optically thin regions at outer radii, where
uch of the radiation travels outwards, scattering of a grain from the

ear side is more forward scattered, while the photons streaming
adially outward in the far side are more backward scattered to
each the observer. In optically thick regions at smaller radii, the
ffects of forward scattering disappear and the disc retains the near-
ar side asymmetry in the original case. Thus, f is ne gativ e at inner
adii, but becomes positive at outer radii. The difference can be ∼5
o 10 per cent depending on the vertical thickness and strength of
orward scattering. The observed Stokes I asymmetry (Fig. 9 , 4th
olumn) appears to match the model prediction qualitatively and
uantitati vely. Ho we ver, strong forward scattering cannot explain
he asymmetry of q ′ . 

We are thus faced with a conundrum. Scattering without strong
orward scattering can produce the asymmetry of q ′ but not that
f Stokes I , while scattering with forward scattering produces the
symmetry of Stokes I but not that of q ′ . Another puzzle is that the
ear far side asymmetry for both Stokes I and q ′ should decrease as
he optical depth decreases with increasing wavelength as the disc
ecomes optically thinner. While the asymmetry of Stokes I at Band 3
Fig. 9 d) does appear smaller than those at shorter wavelengths, Band
 also has a much larger beam making it unclear if the difference is
ruly from optical depth effects. The asymmetry in q ′ , on the other
and, appears to be fairly consistent across wavelengths. We also
NRAS 528, 843–862 (2024) 
ote the caveat that the centre is defined by fitting the disc with a 2D
aussian. While the asymmetry of q ′ is not impacted by uncertainties

rom the centre, the asymmetry of Stokes I as measured by equation
 15 ) can depend on the centre, but precise determination of the centre
s beyond the scope of this paper. 

Other possibilities include substructures or intrinsically non-
xisymmetric features either in the surface density distribution
nd/or in the grain properties. The high-angular resolution (sub)mm-
ontinuum images of HL Tau have revealed intricate rings and gaps
ith radially varying optical depth (Carrasco-Gonz ́alez et al. 2016 ;
inte et al. 2016 ; Carrasco-Gonz ́alez et al. 2019 ), which is different
rom the smooth disc models considered thus far and important
ince the near-far side asymmetries rely on optical depth effects.
urthermore, ALMA Partnership et al. ( 2015 ) showed that the rings
re not concentric which cannot be explained with an inclined
xisymmetric disc. How these non-axisymmetric structures manifest
s asymmetries in the lower-resolution images (without resolving
he rings and gaps) is unclear. Future high angular resolution
mages across multiwavelengths will be better suited to address these
uestions. F or e xample, a recent deep, high angular resolution image
t Band 7 resolved the polarization from rings and gaps and found
dditional asymmetries (Stephens et al. 2023 ). 

 C O N C L U S I O N S  

e present and analyse multiwavelength polarization observations of
he HL Tau disc at Bands 3, 4, 5, 6, and 7 from ALMA and Q Band
rom VLA consolidating HL Tau’s position as the protoplanetary
isc with the most complete wavelength coverage in resolved dust
olarization. Our main results are summarized as follows: 

(i) Ne w polarization observ ations using ALMA detected well-
esolved polarization at Bands 4, 5, and 7 with angular resolutions
f ∼0.20, 0.17, and 0.16 arcsec, respecti vely. The ne w VLA Q Band
mage has a resolution of ∼0.15 arcsec and marginally detects a few
olarization vectors. The new data strengthens the case for a smooth
ystematic transition from unidirectional polarization direction to an
zimuthal direction as the wavelength increases. 

(ii) The polarization transition is further evidence of scattering
rolate grains aligned toroidally in the disc. We disentangle the
olarization from scattering and the elongated grains’ thermal emis-
ion through the azimuthal variation of polarization from a simple
odel. The constant component from scattering decreases slowly
ith increasing wavelength, while the thermal component, which

auses azimuthal variation, increases with increasing wavelength.
he weak dependence of the scattering spectrum is inconsistent
ith the simplest case of Rayleigh scattering by small grains in the
ptically thin limit but can be affected by factors such as optical depth,
ifferential vertical and radial concentration of grains of different
izes, and dust porosity. 

(iii) The few polarization detections at the Q band are also
onsistent with toroidally aligned grains by comparing the ex-
ected polarization angles. The polarization fraction is higher, at

7 per cent , and suggests that the intrinsic polarization of grains
an be ∼ 10 per cent after correcting for projection of the grain. 

(iv) We find a consistent near-far side asymmetry in the polar-
zation fraction and Stokes I at ALMA Bands 3, 4, 5, 6, and 7.
he near-far side asymmetry of the polarization can be explained by
ptically thick and geometrically thick disc. Ho we ver, the near-far
ide asymmetry in the Stokes I is harder to explain and deserves
urther exploration. 
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PPENDIX  A :  STOKES  V IMAG ES  

he noise level ( σ V ) and peak absolute value of Stokes V are listed
n Table A1 . Fig. A1 shows the Stokes V images across each band.
nlike the smooth transitions from wavelength to wavelength for
tokes I , Q , and U , Stokes V varies with wavelength more erratically.
t 7.1 mm, a slight ne gativ e Stokes V of ∼3 σ V is detected to the
ortheast, which is similar to the image at 3.1 mm. At 2.1 mm,
he ∼15 σ V detection of ne gativ e Stokes V appears to have two
eaks along the disc major axis. Ho we ver, at 1.5 mm, the Stokes
 becomes positive and mostly concentrated at the centre with ∼6 σ .
nother change happens at 1.3 mm in which case the southeast half
f the disc is mostly positive and the northwest half is ne gativ e.
inally, at 870 μm, Stokes V is positive and concentrated at the centre
NRAS 528, 843–862 (2024) 

able A1. The basic image statistics for Stokes V . Column 1: Name of the 
avelength band. Column 2: The noise level for Stokes V . Column 3: Peak 
f the absolute value of Stokes V image. 
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−1 μJy beam 

−1 

1) (2) (3) 
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 7.7 113 
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Figure A1. The Stokes V images plotted in a similar manner as Fig. 2 . The 
colour scales are plotted such that the white corresponds to the zero level. 
The −3 σV and 3 σV le vels are marked by blue and red contours, respecti vely. 
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ic.oup
ith a peak of ∼21 σ V . Ho we ver, the 870 μm image from Stephens
t al. ( 2017 ) shows a ne gativ e Stokes V . ALMA is known to have
ignificant instrumental errors in Stokes V , which is primarily due to
eam squint. The inconsistency between the Band 7 images for two 
ifferent epochs suggests that the current ALMA Stokes V detections 
re largely due to instrumental effects. 

According to the ALMA technical handbook, the minimum 

etectable degree of circular polarization for ALMA is 1.8 per cent 
f the peak flux on-axis based on the ALMA technical hand- 
ook. Indeed, the ALMA peak | V | detections all fall below the
inimum detectable threshold (which are ∼457, 495, 850, 1470, 

180 μJy beam 

−1 for Bands 3 to 7, respectively). 

PPENDIX  B:  D E R I VAT I O N  F O R  T H E  

Z I M U T H A L  VA R I AT I O N  O F  T H E R M A L  

OLARIZATION  

e supply a few more details on the deri v ation of the thermal
olarization shown in Section 4.2 . The basis was presented in Lin
t al. ( 2022 ), but given the difference in the definition of the Stokes
eference frames used in this paper, we provide an explicit deri v ation
or clarity. As mentioned in the main text, the reference frames strictly
ollow the IEEE definition. 

Fig. 3 in the main text showed the relation between the principal
rame and the disc with aligned grains. Fig. B1 shows the relation
etween the principal frame and each grain located at a different 
igure B1. Schematic of the relation between a prolate grain to the observer. 
he ̂  a , ̂  b , and ̂  c unit vectors form the coordinates centred on a grain represented 
y a prolate. ˆ a is parallel to the axis of symmetry of the grain. ˆ c is parallel 
o the Z -axis of the disc. i is the inclination. The orange arc is the meridian 
assing through ̂  n and ̂  c . The blue arc passes through ̂  a and ̂  n . The two planes 
orm an angle ψ . ˆ x is parallel to the x -axis of the principal frame. 
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nras/article/528/1/843/7512218 by guest on 18 M
arch 2024
ocation in the disc. Consider the coordinates around a single grain
ith unit vectors ˆ a , ˆ b , and ˆ c , where ˆ a is along the axis of symmetry
f the grain and ̂  c is parallel to the Z -axis of the disc. The inclination,
 , is simply the angle between ˆ c and the direction to the observer, ˆ n .
ollowing Fig. 3 , one can easily see that ˆ x is in the direction of the x -
xis of the principal frame. The y -direction of the image frame is not
hown in the plot to a v oid clutter, b ut it is in the direction of ˆ n × ˆ x .
he azimuthal angle in this coordinate, α, is the angle between ˆ a and

he projection of ˆ n onto the ˆ a –ˆ b plane. 
Depending on the location along the disc azimuth � , the grain

an be seen edge-on or closer to pole-on, which gives the azimuthal
ariation of p seen in the image (Section 4.2 ). We use θg to denote the
iewing angle of the grain, which is the angle from 

ˆ a to ˆ n . Since the
rolate grains are assumed to be toroidally aligned, one can derive
hat 

cos θg = 

ˆ n · ˆ � = sin i sin �. (B1) 

The thermal polarization fraction for a grain, t p , from equation
 12 ) simply gives the magnitude of p given some θg . To obtain the
 and u , one needs to define a reference frame. We can start by
efining a Stokes reference frame (which we call the ‘grain frame’)
n the same ˆ x – ˆ y plane, but with rotated such that the new 

ˆ x g is in
he plane formed by ˆ a and ˆ n . The angle between ˆ x and ˆ x g is ψ . The
tokes parameter between the grain frame and the principal frame 
nly requires a rotation of the Stokes parameters and we have 

 

′ 
t = t p cos 2 ψ (B2) 

 

′ 
t = t p sin 2 ψ. (B3) 

e can express ψ from geometrical arguments and obtain 

cos ψ = − cos θg cos i 

sin θg sin i 
(B4) 

sin ψ = 

sin α

sin θg 
(B5) 

see Lin et al. 2022 ). Since the grain is toroidally aligned (i.e. ̂  a = 

ˆ � )
nd given ˆ n defined in Fig. 3 , one can find that α = π /2 − � . Using
quation ( B4 ), ( B5 ), we get a fairly simple expression of t p in the
rincipal frame: 

 

′ 
t = t( cos 2 i sin 2 � − cos 2 � ) (B6) 

 

′ 
t = −t cos i sin 2 �. (B7) 

hese are the contributions from thermal polarization to equation 
 13 ) and ( 14 ) in the main text. 

PPENDI X  C :  POSTERI OR  PR  O B  ABI LI T Y  

I STRI BU TI ON  

n Section 4.2 , we fit the azimuthal profile of q ′ and u ′ with the linear
ecomposition model using EMCEE . Fig. C1 a through e show the
esulting one- and two-dimensional posterior probability distribution 
t each wavelength. Fig. C1 f is the result of fitting the s -spectrum. 
MNRAS 528, 843–862 (2024) 



862 Z.-Y. D. Lin et al. 

M

(a) (b) (c)

(d) (e) (f)

Figure C1. One- and two-dimensional posterior probability distribution from EMCEE . Panels a to e: Results from fitting the azimuthal profile of q ′ and u ′ from 

bands 3 to 7, respectively. Panel f: Results from fitting the s -spectrum (corresponding to Fig. 7 a and its discussion). 
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